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1 IEJIb U 3AJAYU KYPCOBOI'O IIPOEKTUPOBAHMUSI

Lenbio KypcOBOTO IPOCKTUPOBAHUS SBIISICTCS 3aKpeIIeHIe, YyIITyOIeHne
1 00001IIeHHE 3HAHMIA, MTOJYYEHHBIX B XOJI¢ U3YUCHHSI OCHOBHBIX YHCICHHBIX
METOJIOB B MH(GOPMATHKE B MPEABIIYIIEM CEMECTPE, a TaKkKe MOJTYYCHUC
HABBIKOB pa0OThI C COBPEMCHHBIMH BBIYUCITUTEIHHBIMH MTAKETAMHU.

OCOOCHHOCTBIO BBITIOJHEHUSI KYPCOBOW pPaOOTHI SIBISCTCS pean3alius
MOCTABJICHHBIX 3a7a4 Ha OBM B 0JIHOIl MM HECKONBKUX MHTETPUPOBAHHBIX
cpenax. CTyIeHT JOJDKCH pa3o0paThCs C MOCTABICHHBIME 3afladyaMM, OTJIa-
IUTh UX Ha MEPCOHATHHOM KOMITBIOTEpPE M IPOJICMOHCTPUPOBATH MIPEIoIaBa-
TeN0 paboTy OTIaKEHHBIX IPOTPaMM B COOTBETCTBHH C BAPHAHTOM 3aJaHHS.

KypcoBoe npoektupoBaHmne OpUEeHTHPOBAHO HA MOJTOTOBKY CTYIECHTOB K
MOCTICTYFOIIIAM dTaraM YIeOHOH JesSTeNbHOCTH, CBI3aHHOMW C PEeIICHHEM HH-
JKCHEPHBIX 33/1a4 C UCIOIb30BaHUEM MH(POPMAITHOHHBIX CHCTEM IOCICIHETO
TIOKOJICHHSI M C MPHOOPETEHNEM HABHIKOB HAYYHOTO HCCIICIOBAHHSA, B TOM
YKCJIC TP HATIMCAHUM JUTLIOMHOM PaOOTHI.

s noBbimicHus 3PPEKTUBHOCTH CAMOCTOSITEIBHON PabOThI CTYJCHTOB
C BBICOKHM YPOBHEM IOJrOTOBKH B MEPEUYCHb 3a7aHUi JJIsI KypCOBOTO IMPO-
CKTHUPOBAHUS BKIIOYCHBI 3a/IaHUS 0 pa3jieiiaM, OTPaKAIOIIMM COBPEMEHHBIC
TEXHAYECKHE M DKOHOMHYECKHE MPOOJEMBI, HO HE BOIICIIIUM B JICKIIHMOH-
HBI KypC MO JUCHHUIUIMHE M3-3a OTPAHMYCHHOTO BPEMEHH ayIUTOPHOTO 00Y-
YCHUS.

KypcoBoe mpoekTupoBaHHe OCYIIECTBISETCS 0 WHAWBHAIYAIbHBIM 3a-
JAHWUSM ¥ BKITFOYAET CIICAYIOIIHNE ITAIbI:

- YIIyOJieHHOE H3YYCeHUE YUCICHHBIX METO/IOB,;

- 3HAKOMCTBO C BEIYUCIUTEILHBIMHI CPEICTBAMH, MCIIOIB3YEMBIMH B CO-
BPEMEHHBIX HH(GOPMAIIMOHHBIX CHCTEMAX;

- MOCTPOCHKE AIITOPUTMOB U PEIICHUE 3a/1aY.

WHauBuayanbpHBIE 3aJaHUS U3 Pa3JIesioB, MepedyrcieHHbIX B Tabmuie 1.1,
BBIIACT MPENO/aBaTelib, BEAYIIHNA 3aHATHS 110 KYPCOBOMY MPOCKTUPOBAHUIO,
U YTBEP)KIAET €ro IMOCJe 3alO0JHEHUS CTYACHTOM OJlaHKa TEXHUYECKOIO 3a-
naaus (IIpunoxenne b).



Tabmmma 1.1 — OcHOBHBIE pa3esl KypcoBOH paboTHI

HawnmenoBanue pasaeiia

CopepxaHue

1. [elictBusa ¢ TpUOIHKEH-
HBIMH YUCIIaMU

IIpaBuna okpyriaeHus] MPUONMKEHHBIX YUCEN, METO-
J6I pacueTa abCONIOTHBIX M OTHOCHTENIBHBIX MOTpPell-
HOCTEH pe3yibTaToB BbluucieHuil. IlocTpoeHue BbI-
YUCIUTENIbHBIX aJITOPUTMOB IO KPUTEPUIO MUHH-
MaJIbHOH NOTPEIIHOCTH BBIYMCICHUI.

2. VYnydiieHue CXOIUMOCTH
YHUCIIOBBIX PSIIOB

Meton Kymepa-Crupnusra, KpUTepUH OCTaHOBA
BBIYMCIICHUH U YCIIOBUSI CXOIUMOCTH 3HAaKOMOCTOSIH-
HBIX YHCIIOBBIX PsIOB

3. [pubnmwkxeHHoe peuieHne
HEJIMHENHBIX YpaBHEHUN

OtneneHue KOpHEW, MpaBuia BBIOOpa HAYaIbHOTO
NPHOIMKCHNUS, KPUTEPUH OCTAHOBA BBIYMCICHHH U
YCIIOBHSI CXOJIMMOCTH METO/IOB JIO)KHOTO ITOJIOKEHHUS
u HerotoHa-Padcona

4. PellleHWEe CHCTEM JIMHEH-
HBIX ypaBHEHHU NPSMBIMH H
UTEPALMOHHBIMHA METOIaMH

Merox onpenenuteneil u MoaudUKAIMKM METOJA HC-
kmoueHuss ['aycca. IlpaBuma BeiOopa BekTopa
HA4YaJbHOTO MPHUONIKEHUSI, KPUTEPUH OCTAaHOBA BBI-
YHCIIEHUH M YCJIOBUS CXOAMMOCTH METOJ0B IPOCTOH
uTepanuu u 3einens.

5. WuTepnommpoBanne
dhyHKIUI

IIpaBuna BEIOOpa MOpsiIKa MHTEPHONHPYIOIIETO IO-
JIMHOMA, 0COOCHHOCTH MPUMEHEHHS HHTEPIOIAIHOH-
HOU (opmynsl Jlarpamxa W MOCTPOEHHS €CTECTBEH-
HOT'0 KyOM4YeCKOTO CIuIaifHa

6. Yucnennoe nuddepeHiy-
poBaHue GyHKUMIT

IMpumenenne GopMya CUMMETPUYHOI anmpoKcHMa-
LMY C OCTaTOYHBIM WICHOM IIPH MHTEPIOIUPOBAHUU
10 TPEM U IISITH TOYKaM

7. UncneHHOE WHTETPHPOBA-
HUE QYHKIUH

MeToasl  TOCTpPOEHHMsI JUHEWHBIX KBaJApaTypHBIX
tdhopmyn. OcobeHHOCTH TPUMEHEHUsT POpMyYJT Tpare-
i 1 CIMIICcOHa.

8. PemieHre OOBIKHOBEHHBIX
muddepeHIMaNbHEIX  ypaB-
HEHUI

Merton Diinepa u ero moaudukaiuu. IIpobiema
ycTOH4YMBOCTH peeHus. Pemenne 3agaun Komum u
KpaeBoii 3agaun. Meton Pynre-KyTTsl.

9. OpaHOMepHas ONTHUMH3A-
ST

OmnpeneneHe HAMMEHBIIIETO U HAUOOJBINETO 3HAYEC-
HUS QYHKOUHA. METONBI peleHus: MOJIOBUHHOTO JIe-
JIEHUSI, CpEeHEN TOUKH U «30JI0TOT0» CeueHHs. Y cio-
BMSI OKOHYAHUS BEIYMCIICHU.

10. MHoromMepHast ONTHUMH-
3arus

MHoromMepHas ontumuszanus. MeTolbl 3KCTpeMyma
(YHKIMY TIEpBOTO TMOpsIIKA: TPATUEHTHBI METo] W
METO]l HAMCKOPEHIIIEro cIycka.

11. MeToabl 06pabOTKH DKC-
MEePUMEHTAIBHBIX TAHHBIX

Meto HauMEHBUIMX KBaJpaTOB; €ro IpaKTHYecKas
peanm3anus c TIOMOIIEI0 COBPEMEHHBIX
MPOTPaMMHBIX CPEJICTB




2 KPATKHE TEOPETUYECKHME CBEJEHUS
2. 1 JleiicTBus1 ¢ NpUOINKEHHBIMH YUCIAMH
2. 1. 1 OcHoBHbIE onpeaeTeHUsI

K uucnennvim memooam (UM), COCTaBISIONIMM YacTh BBEIYMCIUTEIBHOM
MaTeMAaTUKH, OTHOCSTCS TaKMe METOJbl PELIeHUs 3agad, KOTOpble MOIYT
OBITH CBEJCHBI K apU(PMETHYECKUM JISHCTBUSIM HaJ yuciaaMu. s peanusa-
i Ha OBM UM H0mKHBI OBITE yCmouuusbiMu t CX00AUUMUCH.

UM Ha3BIBAETCS YCMOUYUBGLIM, ECIIU PE3YNBTATHl HENPEPHIBHO 3aBUCST
OT BXOAHBIX JaHHBIX 3aJa4d M MOTrPEIIHOCTh OKPYTJIEHHs, CBA3aHHAs C pea-
mm3amuerr UM Ha DBM, ocTaeTcs orpaHHYEeHHON B 33JaHHBIX ITIpENeax H3-
MeHeHus napameTpoB UM.

UM Ha3bIBaeTCS CXOOAUWUMCA, €CITU PE3YIBTAThl CTPEMSTCS K TOYHOMY
pEIIeHHIO 3a/1a4uM MIPU CTpeMiIeHHH napaMeTpoB UM Kk ompesneneHHbIM Ipe-
JACJIIbHBIM 3HAYCHUAM.

Ocnosnoti onpoc meopuu UM — monyueHHe METOJIOB, YIOBJIETBOPSIO-
IMX TpeOOBAaHUSAM BBICOKOW TOYHOCTH, YCTOMYHMBOCTH M SKOHOMHYHOCTH.
[Mocne npumenennss UM HEoOXOAMMO MOJTYYUTHh YUCIOBOH pe3ynbTar ¢ 3a-
JTAHHOM TOYHOCTBIO.

2. 1. 2 Buapl norpemHocTu

Tpubnuscennvim yuciom @ HA3BIBACTCS YKCIO, HE3HAUYUTEIHHO OTIIH-
qaromieecs 0T mouyHo2o0 A W 3aMEHSIONIEee TOCIeIHEE B BEIUNCICHMSIX.

Tox owubkol win noepewrocmoio Ad TPHUOIMIKSHHOTO YKCIIa @ II0-
HUMAIOT pa3HOCTh Aa = A —a, oTKyna

A=a+ Aa, (1.2)

T.e. TOYHOE YHCJIO PACCMATPUBAIOT KAK MPHUOIMIKCHHOE YHCIO C HYJIEBOU
omnbkoi. Ecau 3Hak OMIMOKM HEM3BECTEH, TO HCIOJB3YIOT aOCOMIOMHYIO
nO2PeutHoCmy.

A=|Aaj=|A-4q| . (1.2

Eciu yncno A HEM3BECTHO TO BMECTO aOCOJIIOTHOM IMOTPEIIHOCTH BBOIST €€

OLICHKY CBEPXY — npedenbHyio abcoOmHyI0 NopeuHocmy A, , I0J KOTOPOii

MIOHMMAIOT BCSIKOE YHCIIO, HE MEHbIlee aOCONIOTHOM MOTPEUIHOCTH 3TOTO
yucna: A, 2= |A — a| , WIIK

a-A;<A<a+A,. (1.3)

(1.3) ycranaBiIMBaeT rpaHUIIbI, B KOTOPBIX 3aKIFOUCHO YHCIO A !
A=a tA,. (1.4)
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OmnocumenbHotl nozpewinocmylo & TPUOIMKEHHOTO YHCIa &8 Ha3bl-
BAalOT OTHOIIEHUE a0COJIIOTHOW MOTPENIHOCTH A 3TOTO YMCia K MOJYIIO CO-
OTBETCTBYIOIIETO TOYHOIO yucia A (A # 0):

A

A

5= (1.5)

OTKyJa 8=|A|-A.
TIpedenvhoii OmHOCUMENbHOT ROZPEUHOCbIO , TIPUOIHKEHHOTO YHCIa
HA3BIBAIOT BCAKOE UHCJI0, HE MEHbIIEE OTHOCHTENBHOM MOrPEIIHOCTH 3TOTO

A
gucna O =— < J,, OTKyJa
A

A<|A-3,, (1.6)
T.€. 32 IPEACTbHYIO a0COIOTHYIO MOTPEIIHOCTh YUCHIA & MOXKHO MPUHSATH:
A, =|A-3,. (1.7)

Ha npaktuke A ~ a, npu 3ToM A MOXET OBITh HEM3BECTHO, II03TOMY B
dopmyist (1.5) — (1.7) BMecTo A MOACTAaBISAOT & . 3HAaS MPEACIBHYIO OTHO-
CHUTEJIbHYIO IIOIPELIHOCTD O, , IOIYy4atoT IPaHUIIbl TOYHOTO YUCHIa:

A=a-(1+3,). (1.8)

BrlienstoT cireyroniiie OCHOBHBIE HCTOYHHUKH TTOTPEIIHOCTE!

1) matemMaTH4YeCKasi MOZEIb;

2) ucxomHble JaHHble (HavyalbHbIe W TPAHHYHBIC YCIOBHUS, KO3(DDHIIHEHTH! 1
MIpaBbI€ YaCTH YPaBHEHUH);

3) npUOITHKEHHBIH METOT;

4) OKpyTIICHUS TIPH BBIYUCIICHHSX.

2. 1. 3 lecaTuunas 3anuch NPUOJIMIKEHHBIX YHCET

Besikoe npuOmmkeHHOE IMOJ0XKUTEIBHOE YNCIIO & MOJKET OBITh Ipef-
CTaBJICHO B BHJI€ KOHEYHOH JECATUYHON ApoOH:

a=ay, 10" + oy -10™ T + L+ g 10" (@, #£0),  (L19)
re M-— [enoe Yruclo.

Bce coxpaHsieMble [ECATHYHBIE 3HAKH Q) (i =m, m-1 ..., m—n+1)
Ha3bIBAIOT 3HAUAWUMU Yugpamu TPUOIMKEHHOTO YuCcia &, HEKOTOphIE U3
HHX MOTYT OBITH PaBHBI HYIIO (33 HCKIIOUCHHEM ¢, ). 3Hadamias uudpa
YHCila Ha3bIBACTCSl 6EPHOU, €CIM aDCOINIIOTHAS MOTPEITHOCTD YKCiIa HE Ipe-
BOCXOJMT 1/2 eMUHULIBI COOTBETCTBYIOLIETO Pa3psiaa ACCATHIHOTO YHCIIA.



2. 1. 4 JxkcnoHeHnuaabHas GopMa 3aNUCH NMPHUOJIHIKEHHOT0 YH CJIa

B DBM kpome ecmecmeennoii hopmel 3amucu uncen suaa (1.9), npume-
HSIOT 9KCNOHEHYUANbHYIO (POPMY 3aIUCH:

a=f-10" (meZ), (1.10)
rae f —maHTHCCa JEHCTBUTENBHOTO YKCia a ; M— MOPSA0K Yucia a .
JleficTBHTEIbHOE YHCIIO HA3BIBAIOT HOPMAAU306AHHBIM, ©CIH TepBas
3Hayamas 1udpa MaHTUCCH HE paBHA HYIIO, a MAaHTHCCA SIBISIETCS IPaBUIIb-
Hoit apobeio (1.e. 01 < f <10). Yncno BepHbIX 1P B HOPMATH3O0BAHHOM
YHCIIE — YUCIIO BEPHBIX HU(P B €r0 MaHTHCCE.

2. 1. 5 CumMeTpHYHOE OKPYIJIEHUE YHCET

Jlnst OKpYTJICHUs IECSITHYHOIO YHCia 10 N 3Havammx udp oTdpacsl-
BAaIOT BCE €r0 IU(PBI, CTOSAIIME CIIpaBa OT N -i 3HaYame# mudpsl, WK, €Clu
3TO HY)KHO AT COXPAaHEHHUS Pa3psiioB, 3aMEHSIOT ux Hymsmu. [Ipu sTom ec-
I TIepBast U3 OTOPOIICHHBIX (P

Menbuie 5, TO OCTABIIUECS AECATUYHBIC 3HAKH COXPAHIIOTCS 0e3 m3Me-
HEHNS;

bonvuie 5, TO K TIOCIeHEN ocTaBieiics nudpe npubdaBiIseTcs €IMHULA;

pasna 5 W cpeny OCTAIBHBIX OTOPOIICHHBIX UMEIOTCSl HEHYJIEBBIE, TO K
MoCJIeIHEH ocTaBIIehcs udpe MpuOaBIIICTCS SIMHUIIA;

pasHna S5 W Bce OCTalbHble OTOpOLIEHHbIE UMPHI SABJISIIOTCS HYJSIMU, TO
MIPUMEHSETCS IPABUIIO YETHON LUQPHL.

OueBUAHO, YTO IPU CHUMMETPHUYHOM OKPYTJIICHHU MOTPELIHOCTh OKPYT-
JIEHUs! HE TIPEBOCXOUT 1/2 €IMHHUIbBI IECATUYHOTO Pas3psiia, NPEICTABIAEMO-

r'0 OCJIeHEN OCTaBIICHHOH 3HavYameH mudpoi.

2. 1. 6 Odmas popmy:aa 1Isi IOTPEITHOCTH
[Myctp 3anana quddepenumpyemas GyHkums

u=f(x, X, ..., %) (1.11)
U HU3BECTHBI MOTPEITHOCTH apryMeHTOB 3TOH byHKIUH
AX (i =12, ...,n). Torma aOCONIOTHYIO MOTPEIIHOCTh PE3yJIbTaTa BBI-

YUCIIEHUH HaXOaAT 1o Gopmyre
auf= 312 jax, (L.12)
i1 9% v .
rie |A xi| — abCOIIOTHBIE TIOTPEUIHOCTH ApIyMEHTOR.



2. 1. 7 HorpeurHoctu apudmMeTHYecKUX onepanuii
Ecnu 3HaKy norpenrHocTel onepaHoB X U Yy HEU3BeCTHHI, TO u3 (1.12)
MOJTyYaroT (POPMYJIBI IS NPEACTBbHBIX a0COTIOTHBIX MOTPEIIHOCTEH:

Ayiy=A y=A+ Ay, [cnoxxenue u BeruMTaHUE | (1.13)
rae Ay, Ay —TpesenbHbIe abCOIIOTHBIE OTPELIHOCTH apIYMEHTOB X , Y ;
Ayy = |Y|‘Ax +|X|~Ay . [ymHOXeHHE] (1.14)
A X
Ay =2+ %-Ay . [nencuue] (1.15)
oMoy

U3 seipaxennii (1.13)—(1.15) monyyarot GopMyIibl AJIs OpeaeabHBIX OTHOCHU-
TENBHBIX TTOTPEIIHOCTEH:

X
Byiy = Xty ‘6 < z y Oy [cmoxenune] (1.16)
Oy_y = x| <+ y -0y ; [Bblunranne]  (1.17)
X—y X—y

SX_y = 5%/ =9, + Sy. [yMHOXEHHE U IeeHune | (1.18)

2. 1. 8 I'padbl BEIYHCIANTEIBHBIX IPOIECCOB

MeTox OpHEHTHPOBAHHBIX TpadoB MO3BOIAET OINpPENETUTHh BKIAA IO-
TPEIIHOCTH, BO3HUKIIEH B IIPOIIECCE BBIYNCICHNH, B OOIIYIO ITIOTPELTHOCTb.
Cwmbicn k03 PUIEHTOB Yy cTpeok Ha puc. 1.1 cnenyrommuii:

a u=x+y 6) u=x-¥%
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HOK

B u=x-y ) u=x/}y¥

OpuenTupoBaHHbIE Tpadbl apUPMETHIECKUX OTlepaui

Ax
X 1

) _ Ly NEepeMEeHHbIX X H Y,

OTHOCUTECJIBHBIC TMOTPEIIHOCTHU 8X = y

YMHOKCHHBIC Ha KO3(GQHUIMEHT y CTPENKH, COCAMHSIONIEH NaHHYIO Iepe-
MEHHYIO C 3TOH oIlepariiei, BXOAAT B BHUJE CIAraeMbIX B OTHOCHTEJIBHYIO

AU
MIOTPEITHOCTh ONepanuy o, = — .
u

Hpumep. ['pad BErauCIMTENHFHOTO TIpoOIIecca U = (X + y)' z (puc. 1.2)
I,— OTHOCHTEJIbHAS OIIUOKA OKPYTTIEHHS ONEePALH CIOXKEeHUS; I, — OTHOCHU-

TellbHasl OLINOKa OKpYIJICHHUS Oonlepaliii YMHOXKCHUA
OtHOCUTEeIbHAS MOTPCIIHOCTD OII€PpAlU CIIOKCHUA

Byry = —— By + —1—8,+ 11, (1.19)
X+y X+y
rje 8, M 8, — OTHOCHTENBHBIE IOTPEUIHOCTH ONEpanaoB X u Y . [orpem-
HOCTh O, BBIYHCIMTEIBHOTO Ipouecca U = (X + y)- Z (c yyeToMm morpenm-
HOCTH OKpYTJICHHS I, )
Oy =0,y 1+38,-1+1,, (1.20)

rae 0Z — OTHOCHTENIbHAS MOIPEITHOCTh ONepaHaa Z .
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Pucynok 1.2 — I'pad BRIMHCIATENHEHOTO TIpomiecca U = (X + y)~ z

2. 2 Yay4iieHue cX0AUMOCTH YHCJIOBBIX PSIIOB
2. 2.1 O0mue noJio;KeHust
CXOaAIIHICS YUCIOBOM PSII.
Yucnosoit psn

a +ay,+..+a, +.. (2.1)

Ha3bIBACTCA CXO()ﬂLL;uMCﬂ, CCJIM CYHICCTBYCT IPCACI IMOCICAOBATCIbHOCTH
€T0 YaCTUYHbIX CYMM!
S=1limS,, (2.2)

N—o0
rne S, =& +a, +...+8,, uacino S —cymma psaaa, a; — wieHvl pAna.

MeuteHHO cXomsIuiics YucinoBoi psa. Yucnosoit psa (2.1) cxooumes
MeOoneHHo, ec HeOOXOOUMO B3STh OOJBIIOE YHCIO UYICHOB pPsa, YTOOBI
MOJIYYUTh €r0 CYMMY C 33/IaHHOM TOYHOCTbIO.

Kpurepuit Komrn (Heo6xoAnMoOe M J1OCTaTOYHOE YCIOBHE CXOAWMOCTH
4KCIOBOro psjia). [locinenoBarenbHOCTh YaCTHYHBIX CYMM pPsijia CXOAUTCS B
TOM M TOJBKO B TOM CIly4ae, €ClId JUIS KaXJOro MOJIOKHUTEILHOrO Yhcia €
cymectByeT Takod HoMep N ,utou3s m> N u n> N cnemyer

|Sn—Sm|<8.

(2.2) o3nauaer, 4to
S=S,+R,, (2.3)

rae R, — ocrarok pspa, npudeM R, — 0 mpu n — .
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Jiis HaxoXOeHUs CyMMBI S cxopsmerocs psana (2.1) ¢ 3amaHHO# TOU-
HOCTBIO € HEO0OXOJWMO TaK BHIOMpATh N, 9TOOBI | R, | < ¢. Torma vactnuuas

cymMMa S, MOXeT OBITh MPUOIIIKEHHO MPHUHSTA 32 CyMMy S psina (2.1).

CocTapnsroniye NOrpenIHOCTEH MpU BRIYMCICHUN CYMMBI psaaa. Vicxon-
HYIO IIOTPENTHOCTh € OOBIYHO Pa3feNsAOT Ha TPU COCTABIIAIOMINX MTOTPEIIHO-

CTH: OCTaTOYHYIO ( & ),CyMMUPOBaHHUs ( &, ) U OKpYTIeHHs ( &5):

£E=¢g +&p + &3, (2.4)

rae 1 = €2 =¢&l4; e3 =¢l2.
O1eHKa 0CTaTKa 3HAKOMOCTOSHHOTO YMCIOBOTO psiga. Ecnu wieHs! psiga
(2.1) mpencraBnsIFOT 3HAYCHHUS TIOJNOXKUTEIHHOH MOHOTOHHO YyOBIBArOIICH
byHKIMH f(X), T.e. ap = f(X) , (n =1 2, ), TO MPUMEHSIOT HHTErPaJIb-

HBIN MPU3HAK CXOAUMOCTH:

Tf(x)dx<Rn<Tf(x)dx. (2.5)

n+l

2. 2. 2 IlpeodpazoBanue Kymmepa-CrupimnHra

ITycts pan (1) cxoauTcss MeIUIEHHO U ero cymMMa paBHa A . Bcmomora-
TEJIbHBIN CXOIALIUNUCS Pl

b +b, +..+b, +... (b, = 0) (2.6)
MMeET U3BECTHYIO CyMMy B, mpu 3TOM cyIiecTByeT npesen

lim2 —gq=0. @7

n—o0o h

IIpeobpazoanne Kymmepa 3anucbiBaeTcst Kak
A=q-B+) (a, —q-by), (2.8)
n=1

T.e. BBIYHCIICHHE CYMMBI MEIUICHHO cXxojsierocs psaa (2.1) 3ameHsior
HaXO0KJCHHEM CYMMEBI BCTIOMOTaTeIbHOTO psijia

> (a, —q-b,) c ocrarkom (2.9)
n=1
_ o0 o0 b o0
RN = Z(an_q'bn): z (1_q'_n]an: zgn'anv
n=N-+1 n=N+1 an n=N-+1

b
e €,=1-9g-— — Onpu n— oo B cuiy ycnosus (2.7). [oatomy psin
n

(2.9) cxoaurcst 6picTpee ucxoaHoro psiza (1).
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B npeo6pazoBannn Kymmepa MoxxHO ucnons30BaTh psaasl CTUPIMHTA

0

= (m)
Z_: n+1)- n+2) (n+m)’ (m=12..), cymust S xoropeix
W3BECTHEI! S(m) =1/m-ml!.

IlycTh AaH 3HAKOMOJOXKUTENBHBIN P, WIEHBl KOTOPOTO SIBISIOTCS pa-
IUOHAEHBIMU (QYHKITUSAMH [EIOYNCIICHHON IepeMEHHON N

agn? +ounPt 4+ +a
)
Bon® + P n™ + ..+ By

rae p U ( —HaTypaibHble uucna u oy > 0, By > 0.

a, = P (n=12..), (2.10)
Ecnu MMeeT MecTO HepaBeHCTBO (= P+ 2, TO B XYALIEM Ciydae
an = O (l/ nzj , ¥ psix ¢ obuuM wienoM (2.10) cxomurcest.

OOmii 9iIeH MPEICTABIAIOT B BHAE KOHCYHOW CYMMBI

__A Ay A, -
" n(n+1)+ n(n+1)-(n+2) et n(n+1)(n+2)-..(n+m) tay (211)

rae A, A,, ..., A, — HeompeneneHHbIE KOADDUIUEHTEI; ar(]m) — OCTaTOYHBIN

uneH. Koappuuuentsr A, A,, ..., Ay,
A= r!i_)rgn.(n+1)~an

A, = lim {an —L} n-(n+1)-(n+2) (2.12)

o n-(n+1)

,_\

n—oo

Am:Iiml: rl"znml (n+i)}-n-(n+1)~...-(n+m)

\

noAOHparoT Tak, YTOOBI ar(,m) = O( j BcrnomorarenbHelilt psin (2.6)

n2+m
3aMMUChIBAIOT B CIICAYIOMIEM BUIC

A, a +oo+ An =
B= Zb _z{n-(nﬂ) n-(n+1)-(n+2) n~(n+l)-...~(n+m)}

n=1

—A-50 4 A .s@ A LA L
=A-SY+A-S+. +AmS 11 2-2!+'"+m-m!' (2.13)
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W3 (2.11) u (2.13) crexyer, 9ro

. a
lim =1,
n—oo bn

U CYMMY UCXOJHOTO Psifia ONPEACISIOT 1o Gopmyrie
s=Ya,=B+Yam, (2.14)
n=1

B KOTOpO# cymmy B psma maxomsar ¢ mcmonb3oBanumem (2.13).

2. 3 Ilpudiim:keHHOE pelieHne HeJIMHeHBIX YPaBHEHMI
2. 3.1 O0urne moJIoKeHnst
Ilycts naHo ypaBHeHuUe

f(x)=0. (3.1)

Kopunem ypaenenus (3.1) Ha3pIBalOT Beskoe 3HaueHue &, oOpaiiaroriee
dyuxumo (X ) B Hy b, T.e. Takoe, uto f(&)=0.

Hzonuposannvim kopHem ypaBHeHHs (3.1) Ha3BIBAIOT KOPEHb, IS KOTO-
POTO CYIIECTBYET OKPECTHOCTb, HE COZIepKalas IPYruxX KOpHEH 3TOro ypas-
HEHWS.

Tpubnuscennoe peuilenue HeIUHENHbIX ypagHeHuli COCTOUT U3 3TaIloB
OTJICTICHUS U YTOUYHEHHUSI KOPHE.

Omoenenue xopHeu — yCTAaHOBJICHHE BO3MOXKHO TECHBIX IPOMEXYTKOB
[a, ﬂ], B KOTOPBIX COJIEPIKHUTCS TONBKO OJMH KOpeHb ypaBHenus (3.1).
OrtzeneHne KOpHEH BBIIONHAIOT epaguyeckumu i aHaIumuyecKumu MeToza-
MH. Ymounenue npubnusiceHHvix KOpHell — NOBEICHUE UX N0 3alaHHOH cTe-
NIEHU TOYHOCTH.

2. 3. 2 I'padpuyeckue MeTOABI OTAeTEHUS KOPHeit

1) TIpocrediiuM METOIOM HAXOXKICHUSI MPUOIMKEHHOTO 3HAYCHHS
KOPHSI sIBJISIE€TCS IOCTpOeHHe rpaduka GyHKIUH
y="f(x) (3.2)
U IpHOMKEHHOE OMpEIeNICHHE TOUeK, B KOTOPHIX Tpaduk QyHKIHH mepece-
kaer ocb 0X. B otux Ttoukax Yy =0 ¥ COOTBETCTBYIOIIME 3HAYCHHUS X
ypaBHeHUsI (3.2) yAOBIETBOPSAIOT ypaBHEHHUIO (3.1) U SIBIISIOTCS €ro ACHCTBH-
TEJIbHBIMH KOPHSMH.
2) HHorma ucxomHOE ypaBHEHHE MOKHO 3allMCaTh B BHIIE
fi(x) = f(x) 3.3)
1 3aTeM MOCTPOUTH TPAPUKH IBYX QYHKIIUI

v = fi(x) 1 y2:f2(x), (3.4)



15

abCIUCCHl TOYEK TMepPeceueHnsT KOTOPEIX YAOBJIETBOPSIOT ypaBHeHHO (3.1) u
SBJISIFOTCSI €r0 JEHCTBUTEILHBIMUA KOPHAMH.
IIpu nccnenoBannu GyHKIUH OMPEIEIAIOT CICIYIONINE HX CBOHCTBRA:
MOBeIeHHE (PYHKIHUU MPU X —> —00 HUNPH X —> +00;

3HaueHus f (X) UL X, UL KOTOPBIX JIeTKO ompeaenuts f (x)
(mampumep, X =0 wm X =x1);

3HAYCHUs X, P KOTOpBIX f ( X ) CTpEeMHTCS K OECKOHEYHOCTH;

ToukH nepeceueHus pyHkuusimu (3.4) oceit Ox u 0y.

Opmmep. I'padudgeckn oTACTUTS MHHUMAIBHBINA 10 aOCOMIOTHON BEJH-
YHHE KOPEHb YpaBHEHHS

sinx—0,5=0 (3.5)

Hcnonw3ys (3.3) u (3.4), uCX0AHOE ypaBHEHHUE NEPEIUCHIBAIOT B BUJIE:

y, =sinx = vy, =0,5.

I'papukn yHkuii y; =sinXx u Yy, =0,5 nzobpaxens Ha puc.3.1.
[MpubmmKeHHbIe 3HaYeHHsT KOpHEH ypaBHeHus (3.5) — aGeimccnl ToUYek mnepe-
cedeHus rpaduxos ¢pyHKuuit puc.3.1, T.6. Xp € [—6, —5], Xg € [—4, —3],
Xc € [O, 1], Xp € [2, 3], Xg € [6,7], TIe Xa, Xgs Xc» Xp s Xg — abcuccsl
touek A, B, C, D, E , T.e. u3onupoBanHbsie KopHU ypaBHeHus (3.5). Perme-

HHEM 33/1a9H SIBIICTCS KOPEHb, COOTBETCTBYIomui Touke C (X € [O, 1]).

2. 3. 3 AHaIUTHYEeCKHEe METOABI OT/IeJIeHHsI KOpPHei

Jig otneneHus KOpHEH NPUMEHSIOT J1Ba O0IINX aHATUTHYECKIX METOAA.
HaxonsT Oosiee mpocToe ypaBHEHHE, KOTOPOE UMEET KOPHH, MPUOIU3UTEIb-
HO paBHBIE KOPHSAM JIaHHOTO ypaBHEHHs, NMpeHeOperas MajabIMH WICHAMH B
HCXOITHOM ypaBHCHHH.

1
I
yl - ”yl = smx
A |
0,5
| / \ \
0,5

Pucynoxk 3.1 — I'paduueckoe penrerne ypasaenus Sinx —0,5=0
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Teopema. Ecnu nelictButenbHas HenpepbiBHas (ynkims f ( X )
NpUHUAMAET 3HAYCHHs DPa3HbIX 3HAKOB Ha KOHIAX OTpe3Ka [a, yij ], T.C.
f (a ) f (,B ) < 0, To BHyTpH OTpe3Ka €CTh IO MEHBIIEH Mepe OIWH KOPEHb
ypaBHEHHS f(x) =0, T.e. HaiigeTcss XoTs1 OBl OnHO ymcino & € [a, ,B]
Takoe, uto f(&)=0 (puc.3.2).

¥

f(o)

Pucynok 3.2 — K Teopeme 00 oTneneHuN KopHEH

Kopens & Oyzer 3aBeIoOMO €IMHCTBEHHBIM, €CJIH Mpou3BoaHas f '( X)

CYILECTBYET U COXPAHSET IIOCTOSHHBIM 3HAK BHYTPU UHTEPBaIa [a, p ] ,

T.C. €CIIH f’(x)>0 WIH f'(X)<0 mpu @ < X< f.

ITocnenoBaTeIbHOCTh ACHCTBUN IIPH OTJIEICHUU KOPHEH.
1) YcranasnuBatot 3Haku ¢yHkumn f (X) B I'PaHUYHBIX TOYKaXx X =a

U X =b obnacTu ee CyIIeCTBOBaHHUSI.
2) YuursiBas ocobennoctd ¢pyuknuu f (X ), BBIOHPAIOT P MPOMEXKY-
TOYHBIX TOYEK X =, &y , ...d ONPEACISIOT 3HAKU f (X ) B OTUX TOYKAaX.

3) OrMmeuaroT HMHTEpBANB, COJAEPIKAIINE KOPHU YpPABHEHUS: €CIIH
f(oy ) () <0, 0B unrepsane (o, @) UMeeTCs KOpeHb ypaBHe-

HUS f(x) =0.

4) YcTaHaBIUBAIOT €IUHCTBEHHOCTh KOPHS B MHTEPBAJIC (ak y O +1)-
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Jns oTaeneHus KOpHEH METOIOM HOI0GUHHO20 OeneHus TIPUOIKECHHO
JEIST MHTEpBAl [a, L ] Ha ZB€, 4ETHIPE, BOCEMb U T.[. PAaBHBIX 4YacTei,

OIpCACiAsa 3HAKU Q)yHKHI/II/I f ( X ) B TOYKaX JCJICHUM.

s anreOpandeckoro ypaBHEHHS N -if cTeneHn
apX" +ax" "t +..+a,=0 (ag #0),
ofIee 4MCIO KOpDHEH HE IpeBBINIAeT N, €CIU CUUTATh KaXKIblil KOPEHb

CTOJIBKO pa3, KaKkoBa €ro KpaTHOCTb. HOBTOMy, €CJIM AJId TaKOI'0 YpaBHCHUS
noJiydyeHa n + 1 NepeMeHa 3HaKa, TO BCE €ro KOpHU OTACJICHBI.

IIpumep. OTaenuTs KOPHU YpaBHEHUS
f(x)=x-6x+2=0. (3.6)

B tabnmme 3.1 mpuBeneHa cxeMa pelIeHus MOCTaBICHHON 3a1a4H.

Tabmuma 3.1 — Cxema otencHus KOpHe# ypaBHeHus (3.6)

X —®© -3 -1 0 1 3 +o0

3Hak f(X) - — + + _ + +

VYpaBuenue (3.6) nuMeeT TPU ACHCTBUTEIBHBIX KOPHS, PACIIOJOKCHHBIX B
mutepsamax (—-3,-1), (0,1) u (1,3).

2. 3. 4 MeTonapl yTOUHeHHsI KOPHeit

Meroa noxuoro monoxenus (MJIII).
IycTh aeiicTBuTeNbHAS HenpepbiBHas GyHkuums f (x) MPUHAMAET 3Ha-

YEeHUS Pa3HBIX 3HAKOB Ha KOHIIAX OTpe3Ka [a, b] U BHYTPH 3TOTO OTpe3Ka
COJICP)KUTCSI €MHCTBEHHBIH KOpeHb X =&, 3HaueHHe KOTOporo Tpedyercs

omnpezaenuts (puc. 3.3).
B xavecTBe mepBOro MpUOIMKEHUS KOPHS NPUHUMAIOT a0CIHCCY TOYKH
(Xl; 0 ), B KOTOpoil cexymass L;, coeauHsomas TOUKH (a; f(a)) u

(b; (b)), mepecexaer ock 0x . U3 prc. 3.3 ciemyer, uto

f(a) (b-a) nm X1=b—&'(b_a)' (3.7)

f(b)-(a) f(b)-(a)

X =a-—
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fzy] (@ K@) f(a) > 0

(x f(x,)) (. (b))

Pucynok 3.3 — OnpezneneHue AeHCTBUTENbHBIX KOPHEH ypaBHEHUS

f(x)=0 mo merony noxuoro nonoxenns. Cryuait f(a)>0

Tak kak f (a) u f (b) MPOTUBOIOJIOXKHBI 10 3HaKy, TO f (X1) JIOJDKHA
OBITH TIPOTHBOIOJIOKHA IO 3HAKy OJHOW M3 HuX. CieoBaTenbHO, MOXHO
CHOBAa TIOBTOPUTH PACCMOTPEHHBIM IpHeM I Oojiee TOUHOTO ONPEACNICHUS
3HaueHus & .

Ecin f (a ) > 0, To KOHer a oTpe3Ka [a, b] HETIOJIBMKEH M ITOCIIeI0-
BaTeNIbHBIE MPHONMKEHNUS 00pa3yloT OrpaHHMYCHHYI0 MOHOTOHHO YOBIBalo-
IO TI0CIEA0BATENbHOCTh
aA<E << Xy <X, << X <Xy, THe

X = b;
xn+1=xn—%-(xn—a) (n=0,12..) 38)
n
Ecmu f(a)<0, 1o Hemomemken koren b orpeska [a, b ] u mocmeno-
BaTE/IbHbIC MPUOIIKCHUsT 00Pa3yl0T OrpaHHYCHHYI0 MOHOTOHHO BO3pacTa-
IOIIYIO TI0C/IEI0BATEIBHOCTD
Xg <X < Xp << Xy < Xpyp <...<E<b,
e
Xp = a;
« oy f (X, (3.9)
n+1 n f (b ) _ f
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CXOIMMOCTh HTEpallOHHOr0 mporecca. s Toro 4tobBl Kaxaoe Io-
crenyroniee NpuoOMmKeHne X, ,; ObUIo OIIKe K KOpHIO & , 9eM IpeablayInee,

JI0CTATOYHO, YTOOBI BBITOJHSAIHNCH YCIOBHUS CXOAUMOCTH Dyphbe:
a) coxpauenue 3uaka f'(x ) ma unrepsane [a, b];

b) coxpanenue snaka f"(x)ma [a, b];

C) HENOABKXHBIA KOHEI[ OTPE3Ka [a, b] JIOJDKEH OBITh BBIOpAH Tak,
YTOOBI BHIIOJIHSIOCH HEPABEHCTBO

f(a)f"(a)>0 wm f(b)f"(b)>0.
Ecmu ycnoBust @ypbe BBIMOIHEHBI, TO CYIIECTBYET MPEIeIT
E=¢=limx, (a<i<b)

MOHOTOHHOM U OTPaHUYEHHOM MOCIEA0BATEILHOCTH {xn } KOTOPBIH U SBJISI-
€TCsl HCKOMBIM 3HaUeHHEM KOpHst & ypaBHenus f (X ) =0.

Ecnu ycnoBuss @ypbe He BBIMONHEHBI, TO MOCIEIOBATEIBHOCTh {xn } -
0o pacxoadmascs, TM00 MOXKeT CXOAUThea K &, HO He OBITh MOHOTOHHOM

(xonebaTbCs OKOJIO 3HAUCHHS & ).

Horpemuocte MJII. [y cirydasi, pacCMOTPEHHOTO Ha puc. 3.3
a=&—-Ag
X =&+ A, : (3.10)
Xni1 =& + Apia
rae & — TOYHOE 3HaYEeHUE KOPHs; A, — IOTPEIIHOCTh TEKYILETro NpUOIIIKe-
HUS K KOpHIO ¢ .
Hcnonb3yst pasnoxeHue GyHKIMIA f(a) u f(xn ) B psax Teinopa B

OKpPECTHOCTH TOUKH X = é: , HOJYHarOT CJICAYIOLUICC BbIPA’KECHUEC

J 1) -
Apy = > f’(ﬁ) ApAg =pA, (3.11)

_1f7(¢)
> f’(§)A0>0.

Ecnu BemmonHsercs yciaoBue p < l, TO IMpOoHECC UMECT ]luHelJHyiO CXO-

rac p=

JUMOCTB, T.e. A1 ~ A,. I OLIEHKN IOrPEIIHOCTH BBIYMCICHUN HA TEKY-

n+l
eM N -M Iare UTepanuoHHOTO MpoLecca Imare MpUMeHsIoT Gopmyity
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[F0a) ( )
Ay =|%, = &< : (3.12)
rae m= mln |f ( ) — MUHUMAQJIBHOE 3HAUEHUE IEPBOIl MPOU3BOJHOW B
X€| a b
HHTEpBase [a, b].
Ecmu B (3.12) MuHNMansHOE 3HAUYCHHE TIEPBOU IMPOU3BOJHON PaBHO HY-
mo (M=0), To IPUMEHSIOT CIIeIyIOMIee MPABUIIO OCTAHOBA BEIUMCICHHUMN:

| Xnia =% | < & (3.13)
rae & — 3aJaHHas HOFpeIHHOCTI) BI)I‘II/ICJ'IeHI/II‘/‘I.

Meron Hrrorona — Padcona (MHP).
Iycth kopenb & ypaBHEHUS f(X)=00T,Z[€J'I6H Ha OTpe3Ke [a, b],

f’(X) " f"(X) HETPEPBIBHBI U COXPAHSIOT OMpECICHHBIC 3HAKH MPH

a<x<b . 3uast n-e IPUOIIKEHHOE 3HAUCHHE KOPHSI
.~ & (a<x, <b), MoxkHO ero yTouHUTS:
f(x
Xog = X — fx) (n=0,12,..). (3.14)

")
e Xn,.q — (n+l) - € TpuOIKEHNE KOPHSL.

Yem Gorbliiee unciennoe 3uauenue npoussomuoii f'(X) B okpectHo-
CTH KOpHsI £, TeM MEHBIIE BEJIMYHMHA TONPABKH, KOTOPYIO HY)KHO NPHOABHUTh
K N-My NpHOJIMKESHHIO IS MOTy4YCHHS (n+1)-r0 npubmkenus. [loatomy
MHP ynoGHee npuMeHSTh, KOT/Ia B OKPECTHOCTH KOpHs & rpaduk GyHKIUH
y= f(X) UMeeT HauOONBINYI0 KPYTH3HY. ECiu 4HClieHHOe 3HaueHue Npo-
H3BOIHOM f’(X) BONMM3M KOpHA & Majo, TO MOMPaBKH OyIyT BENHKH, H

npumensTb MHP B atom ciyuae He pekomenayercs. ['eomerpuuecku MHP
SKBUBAJICHTEH 3aMeHEe HeOOJbLION Ayrd KpHBOH Y = f(x) KacaTeJbHOM,

IIPOBEACHHON B HEKOTOPOIl TOUKe 3TOH KpuBO# (puc. 3.4).

Horpemnocte MHP. Tlycts M, — HanGonbluee 3HaucHue | f7(x )| Ha

otpeske [a,b]|, m, — Hammenbmice 3HaueHue | f’(x)| Ha [a,b]. Torna

NOTpCIIHOCTD AJId (n+1) U UTEpalluU OMPCACIIAIOT KaK
M,
|(§ Xn+l| (§ - ) - Apy = p'Azn ) (3.15)

OTKyHda CJIEAYET, YTO €CJIN HAaYaJIbHOEC l'lpI/I6J'II/I)KeHI/Ie XO TAaKOBO, YTO
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M,
2m
TO cXoAMMOCTH Tponiecca HetoToHa-Padcona — xgadpamuynas.

-|§—X0|=q<1,

f(x)
(b: £(b))

y=£(9 _

o———=
I

a
' (a; f(a)) FR o §

Pucynox 3.4 — I'eomerpraeckas naTepnpetanus MHP

B kauecTBe MCXOIHON TOUKH X, BBIOMpAIOT KOHEIl MHTEpBaja [a, b],
KOTOPOMY OTBEYAET OPMHATA TOT'0 XKe 3HaKa, 4To u 3HaK f "( X ), T.C.
"
f(x ) f"(%)>0. (3.16)

Ecmu (f - Xq ) Majao, TO 3HAYCHHUEC a0COIFOTHOM MOTPEIIHOCTHU BbIYHC-

[ £ (%)

An=|§—xn|§m ) (3.17)
n

OTKyJla CJIeyeT, 4TO Ha4yMHas ¢ N-20 LIara, MOrPelIHOCTh MOXET CTaTh
cKoIb yromHo mainoi. [losTomy Ha kaxkgoM mare mmo gopmyne (3.17) cnensar
3a JOCTHTHYTOM TOYHOCTBIO ONpeleieHHs KOpHA & W OCTaHABJIMBAKOT BBI-

JICHUS KOpHS Ha N -m mare €CTh.

uncenust, korma A, <& (& 3amaHo).

Hpumep. Pemuts ypaBHenue X-SinX —1,5=0 wmeromom noscHozo no-
JI0ICeHUs, €CITH 3a]aH HHTEPBA U3MEHEHHUS apryMeHTa X € [0; 2 ] PacyeTsl

BC€CTHU C IIATHIO JCCATUYHBIMU 3HAKaMU I10CJIC 3aIIsTOM.
Ha T'paHUllaX MHTEpBAJIa f ( X )HpI/IHI/IMaGT 3HAYCHUS Pa3HBIX 3HAKOB!

f(0)=-15; f(2)=0,31859 ,

MIO3TOMY KOpEHb (DYHKIIMH JIE)KUT B UHTEPBAJIE [0; 2 ] .
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Brmonaenne ycinoBuit @ypbe IpOBEPSIOT CIEAYIOMMM 00pa3oM. YUu-
TeIBass, 4ro f "(X ) =2C0SX — XSiNX, HaxomaT 3HaueHUsd f "(O ) =2u

f7(2)=-2,65089. Torna
£7(0)-f(0)=2-(-15)=-3,0;
£7(2) f(2)=-2,65089-0,31859 = —0,84455, T.ec. ycioBus Dypbe He

BBITIOJIHAKOTCS.
Ecmu (cornacho (3.9))

Xy = 0; TO

t(0) (2-0)=1,64963.

f(2)-f(0)

C ygerom 3HaKa f(l,64963) = 0,14451 nony4yeHHOE 3HAYEHHE X; HC-

MOJIB3YIOT B KaueCTBE NMPaBOi IPaHUIIBI IPH BRIOJHEHUH CIIEAYIOIIETO I1ara
BEIUHCIICHUH. Pe3ynpTaTel BeIYmCICHAN npuBeaeHs B Tabm. 3.2. [Ipu m3me-
HEHUHM 3HA4YCHHMS MPABOil rpaHuLbl TpuMeHsoT hopmyny (3.8).

Tabnuna 3.2 — Pemenue ypaBuenus X-SinX —1,5 =0 mo MJIII

HpaBa;{ rpa- 3HaueHHne
n JleBas rpannua Xn HUIA UHTEPBA- GyHkuun
HHTEpBaJa na £ (Xn )
0 0 0 2 -15
1 0 1,64963 2 0,14451
2 0 1,50467 1,64963 0,00138
3 0 1,50329 1,50467 -0,00013
4 1,50329 1,50341 1,50467 0,00000

2.4 Pemenue cucTeM JMHEHHBIX YPaBHEHU
2. 4.1 O0mmue moI0KeHus

Jlunetinbiv Ha3bIBACTCSI YPABHEHUE, KAXKABIH WIEH KOTOPOTO COAEPKUT
TOJIBKO OJHO HEU3BECTHOE, W KaXK[0€ HEU3BECTHOE BXOIWUT B YpaBHEHUE
TOJILKO B TIepBOii crenenu. Jluneiinvie cucmemol ypasuenuti 0OBIYHO COEp-
XKaT N JUHENHBIX YpPaBHEHUH C N HEU3BECTHBIMU. PeuteHue cucmembl ypaB-
HEHWHA MpeACTaBIsieT HaOOp 3HAUYEHHH HEM3BECTHBIX, YAOBICTBOPSIOIINX
OJTHOBPEMEHHO BCEM YPaBHEHUSIM CHCTEMEI.
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Jl71s1 cucTeMbl TMHEMHBIX YpaBHEHUH BO3MOXKHBI BAPUAHTHI PELIEHMUS:

pELICHUE CYIIECTBYET U SABISCTCSA €IUHCTBCHHBIM;

CHCTEMa YPaBHEHUII HE UMEET PEIICHUS;

CUCTEeMa ypaBHEHHH UMeeT OECUHCICHHOE MHOXKECTBO PEIICHHH.

Ecmu cucrema ypaBHEeHHUI HEe MMeeT pelIeHU MM UMeeT OecurcIeHHOe
MHOXXECTBO DPEIICHHH, OHAa HA3bIBACTCS GbIPONCOCHHOU W WMEET OTPEEIH-
TeJb, PaBHBIN HYIIO.

YucrneHHbIE METOABI PELICHUs CUCTEM JIMHEWHBIX ypaBHEHMH AeNAT Ha
npamvle (koneunvie) U umepayuonnvie (beckoneunvle) METOIBL.

IIpsamvie memoOb: TO3BOISAIOT C TOYHOCTBIO JO OMIMOOK OKPYIJICHHS
JlaThb TOYHOE pEIIeHUE CHUCTEMBI (€CIH OHO CyIIecTBYyeT). JlOCTOMHCTBOM
UMepayuoOHHbIX Memooo8 SBIETCs TO, YTO B HUX HE HAKaIJIMBAIOTCS OIIMO-
KU OKpyrieHusA. [103ToMy WTepalMOHHBIE METOABI IPUBOAAT K Ooiee ToY-
HBIM pe3yJbTaTaM, 4eM IMpsMble MeTOIbl. OCOOEHHO 3TO OTHOCHTCS K pelle-
HUIO 110X0 00YCI06/IeHHbIX CACTEM.

CucreMa ypaBHEHUI

A% =b.

SIBIIIETCS 1710X0 00YCl061eHHOU, KOTIa MaTpulla A TI0X0 00yCIIOBJIEHA U €€
ornpezenuTeNs 0Jau30K K Hyito. ClelcTBUEM IJIOXOH 00YCIIOBICHHOCTH SIB-
JSIETCSI TO, YTO MOYKET IMPOM30MTH 3aMeHa UCTUHHOTO PEIleHUs] OO0 YHBIM
3HaueHHeM. Marpuua A Ha3bIBaeTCs IUIOXO OOYCIIOBJICHHOW HIIM «IIOYTH
BBIPOXKJCHHOI», €CJIM CYLIeCTBYET Takas MaTpuua B, uro mpu mebonvuiux
so3myujenusx kodpounueHToB marpunyr A wim B mpousoiinyt Oombimme
W3MCHEHHUS B

-1
X=A"B.
[Tnoxyro 00ycIOBICHHOCTH Hellerko oOHapykuTh. Eciu mocie moBTop-
HOTO PEIICHUSI CHCTEMBI CO cllab0 BO3MYIIEHHBIME KO3(Q(QUIIMEHTAMU OTBET

CYIIECTBEHHO OTJHMYaeTCs OT IMEPBOHAYaJIbHOrO, TO UMEET MECTO IUIoXas
00yCIIOBJICHHOCTH CUCTEMBI.

2. 4.2 PellieHne CHCTEM C IOMOIBIO 00PATHOI MAaTPHIIBI

HyCTI) JlaHa cuctemMa n JIMHEHHBIX ypaBHGHI/Iﬁ C N HEHU3BECTHBIMU:

AX=b , 4.2)
A ap A

ayy ay; ayn

roe A= — Marpuna ko3¢ OUIHCHTOB;

anl an2 ann
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b= [b, by, ...,bn]T — cTos6er CBOOOIHBIX WICHOB; X = [X, X, ..., X, ]T —
cTo0er] HeN3BEeCTHHIX (MCKOMBIN BeKTOp), T — CHMBOJ TPaHCIIOHUPOBAHHS.
Pewenuem  cuctempr  (4.1)  sABIAETCS ~ COBOKYIMHOCTH  YHCEN
Xis Xo,y «on X, OOpAIIAIONIMX €€ B TOXKIESCTBO, 4 CAMH YHCNA X; Ha3bIBAIOT-
Csl €€ KOpHAMU.
Iycte matpuna A — neocobennas, t.e. det A=A = 0. Torma cyue-

CTBYET MaTpHIla A_l, obparHast k A, u cuctema (4.1) mmeeT edurncmeaentoe
pelieHue

x=A"tb . (4.2)
Kophu cuctemsl (4.1) MoxHO HaiiTu 10 hopmynam Kpamepa
A:L AZ An
X=—7, Xp=—=,.., X, =—. 4.3
L= = 0= 43)
rae A; — oIpeAeNuTeNy, NONTyYalolUecs U3 ONpeAenuTeNs A IyTeM 3aMe-

HBI | -r0 cTOJONA CTONOIIOM CBOGOIHBIX YWICHOB cucTeMbI (4.1).

2. 4.3 Meton uckiarwuenus (Merox I'aycca)

IlycTs naHa cucTeMa N JTUHEWHBIX YPaBHEHUM C N HEU3BECTHBIMMU:

alel +8.22 Xz + ...+ a.2n Xn :bz

Ipsmoii x00. Ilycts 8y, # 0. Ilocne BBeaeHus N —1 MHOXHTEIS
a; . 5
m=—%, i=2n
81
Y BBIYUTAHHS U3 KQXKAOTO | -r0 ypaBHEHHUs IEPBOTO, OMHOXXEHHOTO Ha M
HOJIy4aloT IpeoOpa30BaHHYIO CUCTEMY YpaBHEHHH B BUJE
allxl + a12X2 + ...+ aln Xn = bl
) Wy —pW
0 +ay; %X +...+ ag X, =by
o Wy —pW
0 +agy Xy +... +ag X, = by



25

O oA
rneai(]]:) _0 u aj’ =a; —Mm; &y, - B
b =b —m; by, i=2,n, j=1in

AHaNOrM4HO MOXKHO HCKIIOYHTh X, U3 MOCIAECAHMX N —2 ypaBHEHHMH,
3aTeM Xz W3 MoclefHnX N —3 ypaBHeHWi u T.4. Ha K -M srtanme wuckimio-

qJarT Xk C MOMOIIBI0 MHOKUTENIEH

IPH 3TOM MPEATIONATAETCS, YTO alst_l) #0. Torga

ai(jk) _ ai(Jk—l)_ mi(k—l) a(k—l)

kj '
b) = pk-V)— mk-Dpk-D) i=k+Ln, j=kn.

Wunexc K npuHMMaeT mocieqoBaTelbHbIE Lelble 3HAUYeHHs OT 1 1o
n—1 BrmounTeabHo (K = m ). IIpu K =n—1 mpoHMCXOIUT UCKITIOUEHHE
Xp_1 M3 MOCIEIHEr0 ypaBHEHHSI.

B pesysbrate mosyyaeTcs TPEyrojbHas CHCTEMa YpaBHECHHIA

A X+ Qo Xy + ot A Xy =Dy
al)x, +..+ allx, =pW
(4.5)

OrmpenesuTelb CUCTEMbl MOXKHO BBIYMCIATH KakK IPOM3BEACHHE AUAro-
HaJIbHBIX JJIEMEHTOB TPEYTOJIbHOM MaTpuilsl (4.5)

A=a, aglz) ag? - ar(%‘l) , (4.6)

3HAK 3TOT'0 MPOU3BEJICHHUS CICyeT H3MEHUTh Ha MPOTUBOIIOJIOKHBIN, €CITU
YUCJIO TIEPECTAHOBOK OBIJIO HEYESTHBIM.
O6pamuulii X00 OCYIIECTBISIETCSI B COOTBETCTBHU € (hOPMYJIaMu
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(" 3\
"l
L R
n-1 _
argrll,z)r1—1 y. (47
-1 j-1 j-1
« - b%’ )—ag{ "%, ) - ag{j)1~xj 1
I j-1 J
al
ms j=n-2,n-3..,1.
Jlns perienus cucteMs! (4.4) HY’KHO BBIITOJTHUTh
2 —_—
N = in 4;3n 1 @.8)

YMHOXXEHHUH 1 aeneHuil. [IpuMepHo cTOIBKO XKe MoTpeOyeTcs CI0KEHUH.

2. 4.4 KommnakTtHas cxema ['aycca (cxema Xo0J1e11K0r0)
Tpebyercst pemnth JTMHEHHYIO cucTemy ypaBHeHuid (4.1). Marpury A
NPENCTaBISIFOT B BHIAC NPOM3BEICHUS HWKHEH TPEYroNbHOH MaTpHIbI
B =[b; ]u Bepxneit Tpeyronbuoit marpuusl C =[¢j;] ¢ exunnunoil auaro-

HaJIb1O, T.C.
A=B.C, (4.9)
b, 0 .. O 1 ¢ Cip
e B - b,y by, ... 0O 4 Co 0 1 .. ¢y
by B - by 0o 0 .. 1

Ha nepeom smane pemenns Haxozsar by u Cjj:
by = aj;

j-1 o , (4.10)
bj :aij _Zbik'ckj (|2J>1)
k=1
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Qj

7y,
Gj = bll[ Zbkckj] (1<i<j)

(4.11)

[Ipu BemmosnHeHNM BhraucieHud no ¢opmynam (4.10) u (4.11) npumensior

n
npasuno gukcayuu uHOeKcog: TO0YEPEeIHO BBIYUCIIOT CTOIOEI] (bi1 )i=l ,

3aTeM CTPOKY (Cl j )?72 u T.0. Ha 6mopom smane BBIYMCIAIOT BEKTOP X !

By=bh, CxX=V. (4.12)
a
yl lbln+l
. ! (4.13)
Yi = b ( i, n+l Zblk ykj (I >1)
i
nu
Xn = Yn ::)
. . (4.14)
Xi=VYi— chxk (i<n)
=i+l
Tx. detC=1, a detA_detB detC, 10
det A = det B = qlbzz ""'bn—l,n—l bnn . (4.15)

2.4.5 Mertog I'aycca — JKopaana
Meron uckmouaem obpamuwiii x00 Npu pemennd cuctemsl (4.4). Iep-
BBII IIar UCKJIIOYEHUS X; COBEPIIAIOT OOBIYHBIM MeTofoM [aycca, T.e. IpH
a,,#0 ymMHOXal0T TepBoe ypaBHeHHE cHcTeMbl (4.4) Ha MHOXHTEIH
mj =aj1/a11 , 1 =2,3,.., N, 1 BBIYUTAIOT U3 KKIOTO | -TO ypaBHEHHSI.
B pesynbTate noiydaroT cuctemMy
A X + A X+t A Xy =hy

0 +alx, +..+ al)x, = by (4.16)

0 +alx, +..+alx, = bW
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Ha BTOpOM Iare MCKJIIOYAIOT X, U3 BCeX ypaBHeHHil cucteMsl (4.16)
KpoMe BTOpOro (B T.4. M M3 NIEPBOTO ypaBHEHHMs). [l 3TOr0 yMHOXKAIOT BTO-

poe ypaBHenue cucrembl (4.16) Ha MHOXUTENH mi(l) = ajo / aglg )
i=134,..,n , (i # 2), U BBIYMTAIOT M3 KAKIOTO | -0 YpaBHEHUS CH-
ctemsbl (4.16). TTony4aroT cucTeMy ypaBHEHHI

a@x+ 0 +..+aPx =b? )
0 +al)x, +..+ al)x, = bl g
0+ 0 +.+a?dx=b2. )

B utore cucrema (4.4) mpuBOAUTCS K JUArOHATBHOMY BHAY

Otllxl + O + ...+ O = Bl 2
O + 0(22X2+...+ 0 :Bz
, 4.17
............................................. ~ (417)
0 + 0 +..+a5,X =B,
J

OTKYyJa Ka)XA0€ 3HAYCHHNC Xi HaxXoJAT IYTEM TOJBKO OHOI'O ACJICHUS.

2. 4.6 MeTox IpocToii HTEpanun

ITycts nana nuHelHas cuctema (4.4), KOTOPYIO MOXHO 3aIlicaTh B BHIE
MarpuyHoro ypasuenust (4.1). I mycTs quaroHanbHbie KO3()OHUIHEHTH CH-
cremsl (4.4) o =0 (i =12,..., n) .

ITepBoe ypaBHeHue cucTeMsl (4.4) pasperaroT OTHOCHTENBHO X;, BTO-
poe — OTHOCHUTENBHO X, M T.1. B pesynpTare mosny4aroT 3KBUBAJIEHTHYIO
npugedeHHy!0 CUCTEMY YpaBHEHHH

Xl = Bl + (112)(2 + (113)(3 +...+ Otln Xn
X2 = BZ + OL21X1 + 0(23X3 + ...+ azn Xn

T'ne
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BBoasar maTpuLib

Q1 Q2 - Oy B
G = Qzp Oz ... Opp " B _ B2
Oy Opy - Opp Bn
Cucremy (4.18) 3anuchIBaloT B MaTpu4Hol Gopme
X =B + ax (4.19)

U PEIIAIOT MemoOOM NOCIe008aAMeNbHbIX NpUbIUdCeHull. 3a HYJICBOC MPU-
OKeHUe MPUHUMAIOT CTON0EI] CBOOOIHBIX YICHOB 0 = B.
IMocenoBaTenbHO CTPOSIT MATPHIIBI-CTOIOLBI
£ = E +ax© [mepBoe npubIKeHue|;
x12) = B +ax® [BTOpOE NpHOMIMKEHNE] U T. 1.
Jio6oe (k+1)-e npuGTMKEHUE BEIMUCIAIOT KaK
k) — g+ ax®  (k=0,1,2,..). (4.20)

Ecmu nmocienoBarebHOCTh NPHOIHKCHUAN )?(0), )?(1), . )?(k) ... HMeeT

npenen X = k|im xk) , TO ATOT MpeJiel — petieHne cuctemsl (4.19).
—>0

Dopmyset (4.20) MOXKHO 3amucaTh B pa3BEpHYTOM BHIE
Xi( % = Bi

n
Xi(kJrl):ﬂi"rZaij ng) aii=0; i :1,n, k=0,l, ., N
j=1

WNuorma yno6Hee npuBonuTh cuctemy (4.4) x Bumy (4.18) tak, 4roOsI
k03¢ UIneHTs o He ObUIM paBHBI Hyo. Hanpumep, ypaBHeHHE

1,02x, — 0,15 %, =2,7
yIOOHO 3amucarth B BUIC X, =2,7—-0,02x; +0,15x, .
B obmiem cityuae, umes cuctemy

2%‘ Xj =D (iZL_”)v
<

MOJKHO HOJOXKHUTh 8 = ai(,l) + ai(lz)’ rae ai(ll) #0.

JlocTaTouHbIE YCIOBUS CXOAMMOCTH IIPOIlecca HTSPaIUi. HJ'IH CHUCTEMBI

iaij Xj =b (i=1,_n)
j=1
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nporecc urepaunu (4.20) cxooumcsa k eOUHCmBeHHOM) peuleHuro He3aBUCH-
MO OT BBIOOpa Ha4YaJILHOTO NPUOJIMKEHHUS, €CIIH BBIITOJHESHEI HEPaBEHCTBA

n —_
Jai|> X |a | (':1’”)1
i=1
J#i
T.€., €CJI MOJYJIU TUArOHAIBHBIX KOI()MOHUIIMEHTOB IS KaXI0r0 YpaBHEHUSI
CHCTEMbI OOJbIIE MOMAYJEH BCEX OCTANbHBIX Kod(duinueHtoB (6e3 yuera
CBOOOJIHBIX YJICHOB).

2. 4.7 Urepaunonnsiii merox 3eiigens
PaccmarpuBaetcst TMHeHHas cucTeMa U3 TPeX YPaBHEHHUI ¢ TpeMs HEeH3-
BECTHBIMHU
a1 X + 85Xy +azXy =D
a21 Xl + 6.22 X2 + 8.23 X3 = b2 . (421)
831X + 83y Xy + 8g3X3 = Dy
ITycts ay1#0, ay,, #0, ag3 # 0, Torna mo aHanoruu ¢ METOJOM IPO-
CTOM UTEpalllii CUCTEMa MOXKET OBITh 3aIllicaHa B BUIIE

Xlz_(bl_aIZXZ_alBXS) (a)
a;;
1
Xy =——(by —ay; % — ay3%s) (6) (. (4.22)
ay;
1
X3=—(b3—a31X1—a32X2) (6)
azz
Hcrnonk3ys nepBoe NpubInkeHne K PEmeHIHI0 CUCTeMbI (4.22)
9 x0) %0 (4.23)
BBIUYUCIISIFOT HOBOC 3HAYCHUE X :
1
XF) = (bl_alz Xgo) ~ 3 Xgo) )
)

Jlanee BBIYHUCIISIIOT HOBOC 3HAUCHHNC X2 .

W_1 ( ® 0) )
X3' = b, —a,1 X — a3 %3” ).

ay;
HCHOHB:‘]yﬂ BblYUCIIEHHblIE BHAUYECHUA X](_l) n Xgl) , HAXOAT HOBOC 3HAYCHHUC X3 .

1
) = = (b3—331 XV - ag, ! ) :
d33
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Ha sToMm 3akaHumMBaeTcs nepeas umepayus.

[Janee 3amenstoT ucxonnsle 3HaueHus (4.23) Ha XF) , Xgl) , xgl) U BBI-
YHCIISAIOT Cle/yollee npubimkeHne. B obmem cinydae K -e mpubnimkeHue
omnpezensercs GopMyIaMu:

X£k) -2 (bl —ap XQH) a3 ngfl)

ap;
1 _
ng) = (bz _321X£k) — 83 ng 1)) (4.24)
ay)
1
ng) = (bs _331X1(k) —az ng))
a33

IIpaBuiio 0cTaHOBA BHIYMCICHUH 33aJaf0T CIIEIYIOINM 00pa3oMm:
1) mo MaKkCHMaJbHBIM 3HAYCHHAM aOCONOTHBIX Pa3HOCTEN

Makc‘ Xi(k) - Xi(k_l) ‘ <e, (4.25)

TAC € — HCKOTOPOC MNOJOXKUTCIBHOC YHUCIIO,
2) 110 MAKCUMAJIbHBIM 3HAYCHHUAM OTHOCHUTCIIBHBIX paSHOCTeﬁ

() _ k)
Mare| =—5—| <& (4.26)

1
MPU YCJIOBHUH, YTO Xi(k) #0.

JocTraTouHble yCJIOBHS CXOJIMMOCTH MeTojna 3einens. Jns cucrembr N
ypaBHenuii (4.4) ¢ N HEM3BECTHBIMU METOJ 3€UIENs CXOAUTCS, €CIIU BbI-
TIOJHSFOTCSI CIIEAYIOMINE YCIOBUS:

1) cuctema ypaBHEHUN HENMPUBOJMMA, T.€. HENb3sS BBIUYUCIHTH KaKUe-
60 HEeW3BECTHBIC, pelllasi MeHbIIE, YeM N ypaBHEHUH;

2) mist Beex |

|aii|2|ai1|+...+|aiYi_l|+|ai'i+1|+...+|ain| . (4.27)
3) mo kpaiiHeii Mmepe At OTHOTO |

|aii|>|ai1|+---+|ai,i—1|+|ai,i+1

+.o.+|ap| . (4.28)

Jpyrumu cioBaMu, ouazoHanivbHble UaeHbl 00IHCHbL npeobradams 8 cu-
cmeme ypagHeHuil.

2. 4.8 MeToa NporoHKN

HyCTB JaHa CucreMa JIMHEHUHBIX Pa3sHOCTHBIX ypaBHeHI/Iﬁ 86mopoco no-
paoka
ai yi—l_ciyi+t}|yi+1:_fi1 a1¢ O, biio, (IZl,Z,,N—l) (429)
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C TPaHMYHBIME YCJIOBHSAMY Ha JIEBOH U IPAaBOH IPaHULAX:
Yo=X1 1t 44,

YN =X2Yna Tt M (4.30)
Cucrema (4.29), (4.30) MoskeT ObITH MPeCTABICHA B MATPUYHOM BH/IE,
Ay =1, (4.31)
roe Y= (yo, Yis oo YN )T — BEKTOP HEU3BECTHBIX;
f= ( =T —fyas o )T — BEKTOP—CTOJIOCI CBOOOJHBIX YICHOB,;
1 -4 0 .. 0 0 O 0 0 0
a —-¢ b ..0 0 0 ..0 0 0
A=|0 0 O a —-¢ b ... 0 0 0

0O 0 0 ..0 0 O

— TpeXAuaroHajJbHasg MaTpula CUCTCMBI.

st pertenust cuctemsl (4.29), (4.30) HCMONB3YIOT METOT HCKITIOUCHUS
HEHM3BECTHBIX, OCHOBAHHBIN Ha (OPMYIIE NPO2OHKUL:

&)

—X2 1

ai+l=L, i:1,2,...,N—1, 0!1=;(1; \
) B+ f
g =abrt i=1,2,..,N-1, Bi=m;
G — g >
+
yy =222 Py 4.32)
l-ay 2,
() _
Vi=aaYia+Ba, 1=N-1, N-2,.., 2,1,0.

J

Crpenku B popmyiax (4.32) mokaspIBalOT HAIIPABICHHUE CUETA:
(—)) or i k i+1;

(<) ori+l x i.

@®opmynsr (4.32) npUMEHSIOT, €CIIM 3HAMEHATEIH ApoOel He paBHbI HYJIIO.

2.5 WnrepnosupoBanue GpyHKuuii
2.5.1 3anaya MHTePNOJHPOBAHMS
Heo0xonnmo ompenenuTs 3Ha4eHHS (YHKIHN f(x) IIPY HEKOTOPBIX

YaCTHBIX 3HAYECHHUAX HE3aBUCUMOTIO IICPEMEHHOI0 X, HaXOIsIIErocsi B WMH-
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Tepane [a, b]. Amammrmueckoe Beipamenme y = f(x) mHemssectHO.
Xgs X{, - X, — TOYKH, B KOTOPBIX H3BECTHBl 3HAa4eHUA (QYHKIMH:
Yo= T (XO ), vy Yy = ° (xn ), T.C. CYIIECTBYET psin TOYEK
(XO, yo), e (Xn ' Yn ), Jiexanux Ha kpuBoit y = f (x) (puc. 5.1).
Jlpyrumu cioBamu, Ha otpeske @, b | samamsr n+1 ysi06 unmepnons-
YUl X, X, o Xy » @ TaKOKe 3HaueHns Gynxman (X ) B 9THX TOUKAX:
f(%)=Yo, F(Xx)=V1,oer, F(X0)=Yn- (5.1)
Tpebyercsi MOCTPOUTH HEHPEPHIBHYIO (unmepnonupyiouyio) (yHKIUIO
F(x), npusuMaionryio B y3max HHTEpUONSIMH Te e 3HAYECHHUS, U4TO W

f (x), T.e. Takyro, uTo
F(xo) =Yo, FOa) =y F(X0 )= v (5.2)

y

0

Pucynok 5.1 — K mocranoBke 3aaqu HHTEPIOISAIHA

OJHO3HAYHOrO peIleHHs 3ajJada HEe MMeeT, T.K. uyepe3 N+1 Touek
(X0, Yo )+ s (X » Yn ) MOXKHO TIpOBECTH GECUHCIEHHOE MHOKECTBO KpPH-
BBIX.

YacTo ObIBacT HEOOXOJUMO TIPOBECTH YEPE3 3aJaHHbIE TOUKH JOCTAaTOY-
HO TNQJIKYI0 KpHMBYIO, 0e3 OOJIBLIOr0 KOJMYECTBA MAaKCUMyMOB U MHHHUMY-
MOB. B 3TOM ciydae 60iblIyI0 posib UIPAET MPOCTOTa AaHATMTHYECKOTO BhI-
paxxenusi. Harpumep, 3aa4a cTaHOBUTCS OJJHO3HAYHOM, €CJIM BMECTO HPOU3-
BonbHOM (yrkmin F (X) uckats nomnom P, (X) cremenn we Bemme N,

YIOBIETBOPSIOMNIN yCinoBusM (5.2), T.e. Takoi, 4To
Po (%) = Yo, R (X )=Y1ss Py (X)) = V-
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[omy4yeHHYI0 MHTEPIOIAIUOHHYI0 (Qopmyrlry Y = F(X)O6LHH0 uc-
MOJB3YIOT JUIS NPUOJMKEHHOTO BBIYHMCICHHS 3HAUYeHHH (DyHKIUH f(x)

JUIsL 3HAUEHWH apryMeHTa X, OTIMYHBIX OT Y3JIOB MHTEPHOIALMH. Takas
orepanys Has3bIBACTCS UHMeEPNnoauposanuem (GpyHKIUH f(x). Paznnyator

UHMEPNOIUPOBaHUe 8 Y3KOM CMblCle, KOoraa X € [XO , Xr.| ] H oKCmpanoaupo-

6aHue, Korja X & [XO, Xp ]

2.5.2 UnrepnoasinnonHasi popmy.a Jlarpanxka
Ecnu Ha orpeske [a, b] IaHbl N-+1 pasTuYHBIX 3HAYCHWHA apryMeHTa
Xgs Xqs oo X M 018 DyHKiman Yy = f (X ) u3BeCTHBI 3HAUCHHS:
F(%)=Yo, F(x)=vr,es F(X0 )=V,
T0 MpuGTMKenHoe 3Hauenue Gynximmu y = f (X ) Ha oTpeske [a, b] ompe-
JEJSIOT C IOMOILBIO UHMEPROTAYUOHHOU opmynsl Jlazpandica

o (6= %) (X = %) (k=g (X = X)X )
L, (x)=>"y; . (5.3)
i=0 (% —=0)- (% =)+ (% =% )- 06 = Xi0)- - (6 =%, )
®@opmyiy (5.3) UCTIONB3YIOT IS NPOU3EONLHO 3AOAHHBIX Y3IIOB UHTEPIOIIH-
poBaHusL.
2. 5.3 Ounenka norpenrsoctu gpopmyJibl Jlarpan:xa

BenuuuHa OCTaTOYHOrO 4ieHa mojuHoMa Jlarpanxka ectb

Ro(x)=f(x)-L(x), (5.4)
rne y=f (X) — 3aganHHas Qynkous; L, (X) — MHTEPNOISIUOHHBIN MOJIN-
HoM Jlarparka, MPUHIMATOIIHI B TOUKAX Xg, Xq, .., X, 3HAUCHHUS

Yo=f(%), i=104) . ¥a=F(x).

Ecim B paccmarpmBaecMoM wHTepBanie a < X <b wu3MeHenus X , co-
JleprKaleM y3iibl HHTepronmpoBanus, byuxims f (X ) umeer Bee mpou3Bo-
mere f'(x), £(x),..., f (n+1) (x) mo (n+1)-ro mopsiaka BKITIOYHTENBHO,
TO OCTATOYHBIN YJIEH paBEH

Ro (%)= £x)- LJX):%H”H(X) ;
rae [T, () =(x =% ) (x =% ) (x =%, ) = H(X_Xi ),

n
i=0

a £ 3aBUCHT OT X W JISKUT BHYTPH OTpe3Ka [a, b].
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Orenka abCcoMOTHON TOTperrHOCTH (popmyitet Jlarpanxka ecTh

M
[Ra () =1100 = ()| R T (O] 69)
e My, = mac f(n+l)(x)‘ — Maxeumym npomssogmoii (") (¢) na
a<x<

otpeske [a, b].
2.5.4 BpIOop nopsiiKa HHTEPIOJSIHOHHOI0 MOJTUHOMA

Ecmu passoctn A"y mourn mocrosmuer must dymkman y=f (x ) [1],

o Gynkuus Y= f (X) JIOCTaTOYHO XOPOILIO WHTEPHOIUPYETCS HOJINHOMOM
n

N-ii cremeHu, Hanpumep, noauHoMmoM Jlarpamxa L, (X ) = z R (X ) Vi,
i=0

KOTOPBII COBNAJAeT Co 3HAYeHMsIMH Y; = f (Xi ) B Toukax x; (0<i<n )

Ecmu yBennuuTh CTENICHh HHTEPIOJISIIMOHHOTO MOJUHOMA, T.C. B3ATh
n+m
Ln+m(x): Z R (X)'yi '
i=0
M >1, To HHTEPIOJUPYIOIIAs KpUBasi OyIeT MEHEe TIaIKOH, YeM HCXOIHAs

byukuust y=f (X )(pnc. 5.2). Dra pa3HuIa MOXeT ycyryoasTbecst HEKOHTPO-

JUPYEMBIMU TIOIPEIIHOCTAMU BBIYMCIEHUU. [lo3TOMY cTeneHb MOIMHOMA
JIOJDKHA OBITH OTPaHWYCHHOW W HE TMPEBBIIATh HECKOJNBKUX CIMHUIL
(n<10).

Ecmu gncmo touek N wmHTEpHonmpyeMol (yHKIMU NPEBHIIIACT CTETICHb
MOJIMHOMA, TO MPUMEHSAIOT KYCOYHO-NOIUHOMUAAbHYIO WHTEpHosuun. B
3TOM Citydae (GYHKIUS MEKIY JHOOBIMH COCSTHHUMHU y3JIaMU UHTEPIIOIAPYET-
CsI IOJIMHOMAaMM OJTHOM M TOM 7K€ HeOOJIBIION CTEIEHH.

/y=Ln(X)

0
X, X ... X Xy,

Pucynox 5. 2 — Dddexr yBennuenus creneHu
MHTEPIIOIUPYIOIIETO NOINHOMA
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2. 5.5 IlpuMepnl KyCOYHO-TIOJIHHOMHAJLHON HHTEPHOJISLHI

WHTepnossinys KyCOYHO-IJIQJIKUM TIOJIMHOMOM TI€pBO# cremneHu (puc.
5.3). Mexay y3namu X, U X; HHTEPIOJSAIMS OCYLIECTBILSIETCS MpsMoi 1,

MEXIY y31aMH X; U X, — OpAMOH 2 u T.A. Mexay Kaaoi mapoil y3inoB
npsiMasi OMUchIBaeTcsi ypapHenuem Y= f (x) B 9THUX y3nax. J{ns nuHelHOU
HHTEPIIOJSIIUK TOCTaTOYHO 3HaHUA QyHKuuu Y= f (X)TOHLKO B JIBYyX Yy3-
JlaX, MKy KOTOPBIMU JISKUT TOUKA UHTEPIIOISILHH.

Pucynox 5.3 — MIHTEprionupoBaHie MOJIMHOMAaMH IIEPBOH CTEIICHU

WHTepnonsuus KycOYHO-TJIAAKUM ITOJMHOMOM _BTOPOH cremeHu. Jlis
OJTHO3HAYHOTO ITOCTPOEHHS KBaApaTHIHOHN Mapaboibl HEOOXOANMO 3HATh €
3HAUEHMS B TPEX TOUKaX, T.€. B TpeX y3nax uHTepnomsinun. [Ipumep xeadpa-
MuUYHOU UHTEPIOJISILUY J1aH Ha puc. 5.4.

KycouHo-mosmHOMHUaNbHasT WHTEPHOISIINS 1aeT HETPEepBIBHYIO HHTEp-
moyupyrmy Qyskmuio (puc. 5.3 u 5.4). Mexay y3IaMu HHTSPIOJSIHH
(GYHKIMS MMEEeT HeNpephIBHbIE MPOM3BOJHBIC, KOTOPbIE B OOLIEM ciiydyae
mpu N < N mnpeTrepneBarT paspsié B y3nax uHTepnomsinuu. OxHaKO KOH-

KpeTHas pelraeMas 3ajjadya MOXeT TpeOOBaTh HEMPEPHIBHOCTH NMPOU3BOIHBIX
MHTEPIIOINPYIOMEH (YHKIMN BO BCEM HHTEpBale [XO, XN ] B stux ciyua-
SIX MIPUMEHSIIOT CHAAUH-UHMEPNOTAYUIO.

y

Pucynok 5.4 — VIHTepioNMpoBaHUE TIOJTMHOMAaMHU BTOPOM CTENIEHU
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2.5.6 CnnaiiH-MHTepnoasus

Kybuueckas cnaatin-unmepnoasyusi o3naydaem, 4To MEXIy JIIOOBIMHU CO-
CEeHUMH y3JIaMHI

(X0, %] Dranxe Lo Daox LD xa b D x|
¢ynkuus  y=f (X )I/IHTepHOJII/IpyCTCH KyOuueckum noauHOMOM, PABHBIM
3HA4YEHHIO (DYHKINN y( X ) B Ka)XJIOM y3JIe ¥ BO BCEX y3JaX HEIIPEPBIBHBI €r0

nepBasi M BTOpasi IPOU3BOAHEIC (YCIIOBHS COTIPSDKEHUS).

¥ P, Piy1

0
o % % a1y

Pucynok 5.5 — K onpenenenuto craiH-HHTEPIOIAIUH
KyOuueckuii momHOM
@ (%) =a5+b; (x=x_1 )+¢ (x=x_1)+d; (x=x_1)°, (x4 < x < %) (5.6)
uHTeprnonupyer GpyHkiuo y=f ( X) Ha HHTEpBaie [X 1 X ] (puc. 5.5), a

(Pi+1() |+l+b| ( )+C|+l( )+d|+1( ) (X <X<X|+l) (5-7)
Ha UHTEpBAJC [X X|+1]

VYcnopus COIIPSKCHUS UMCIOT BUA!

o (%)= Yia (i=1.2,...N) (@) )

o (% )=V, (i=12,...,N) (6)

0i (% —€)=01n(x+e) (i=1,2,..,N-1)  (s) )
e—0 g0

oi(x—g)=0ta(x+e) (i=1,2,.,N-1)  (2)
e—0 £—0

O (Xi):(Pi+1 (Xi) (a) J
Kpowme Toro, Ha rpaHiIiaXx X = X, H X = Xy CTaBATCS YCIOBHS

(p”l(xo):O, o'N (XN ):0 . (5.9)

VYpasuenust aiust kod3¢p¢unnentor nonuHomon (5.6) u (5.7) ynosnerso-
psitot yenoBusaM (5.8) u (5.9) U yuHTBIBAIOT OANHAKOBBIC PACCTOSHUS MEXKIY
JFOOBIMH COCETHUMU Y3JIaMH.

h=x — %4 (i=1N); (5.10)
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8 = Yig (i =1,N ) ; (5.11)
2

Cj +4 Ci+l + Ci+2 =3 _A h);|71 ; (512)
=0, Cyy =0 (5.13)
d ==~ 5.14
i 3 (5.14)
b, =%—%(ci+1 v2c )b (i=LN-1);  (515)

Ayng 2
by=—"=-=cyh. 5.16
N h 3 on (5.16)
VYpasuenus (5.12), (5.13) npeacrasusitor cuctemy N +1 nuHe#HbIX an-
rebpanueckux ypasuenuii ¢ N +1 nemssectHeiMu C;,C, ,...,Cy M Tpex-

JMaroHaabHON Marpuiieil. CHcTeMa MOKET OBITh pEIlleHa METOIOM NPO2OH-
ku.3Has ¢;, no popmynam (5.14)—(5.16) Haxoxsr by u d;, a mo popmyne
(5.11) — 3HaucHHUA §;.

Hpumep. [dnsa pysxiuun y=f (x) U3BECTHBI €€ 3HAa4YeHUs B TOYKAX
A(0; 0,0), B(1; 0,5), C(2; 2,0), D(3; 1,5). TpebyeTcss HallTH ecmecmeeHHbll
KyOWYECKHii CIUIaifH, KOTOPBIA poxoauT depe3 Touku A, B, C, D.

B 3agaue uncno unTepBasoB pa3duenuns pasHo TpeM ( N =3), a mar pa-

BeH exmunne (h=1). Ipu x; =0, y,=00; x =1, y,=05;%x, =2,
Yy, =2,0; X3 =3, Y3 =15, nony4aroT nepssle ¥ BTOpbIe KOHEYHbIE Pa3HO-
CTH:
AYo=Y1—Y0=05; Ay; =Y, —=y1 =15; Ay, = y3—y, =-05;
Nyo= Ay Ay, =10; Ay, =Ay,—Ay; =-20,
KOTOpBIE MMOMEIIEHHI B Ta0u. 5.1.

Ta6nuna 5.1 —Tabnuia KoHeuHbIX pazHocTelt Gpynkuuu y= f (X )

Xi_1 Vi1 AY;_4 Ay 4
0 0,0 0,5 1,0
1 0,5 15 -2,0
2 2,0 -0,5
3 15
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W3 ycmosumit (5.13) crmemyror HyseBble 3HaUYCHHS KOI(PQHUIMEHTOB
¢ =¢4 =0 (mpu N =3). C ucnions3oBanuem Boipaxenuii (5.12) u Tabmuiy

5.1 cocTaBisIOT CUCTEMY YpaBHEHUH

40 10(|cp| | 3
1,0 40||cs| |-6]
pemias  KOTOpylo, IIOQyd4aloT 3HadeHHs Kod(dHULUEHTOB ¢, =12;

C; = —18. Iloacrasmnss 3nauenus koddoumentor ¢; B (5.15), (5.16), a Tak

xe B (5.14) Haxomar ko> unuentsr b; u d; :

b, = 05— %-1,2 =01; b, =15- %(—1,8 +212)=13;

b3=—0,5—§~(—1,8)=0,7;
d =22 _04: 4, =812 _19. q,- 8 .
3 3 3

W13 ycnosuii (5.11) u TaGmumer 5.1
8,=00; a,=05; a;=20.
Honcrasiss B (5.6) u (5.7) 3HaueHNS KOAPPHUIHUEHTOB, OTYIAIOT ypaB-
HEHHs KyOWYecKOro CIuiaifHa:

¢, (x)=04 x3+ 01x (0<x<1); )

9, (x)=—(x=1)* +12(x-1)? +1,3(x-1)+05  (1<x<2); S (5.17)

93(x)=0,6 (x—2)° ~18 (x—2)* +0,7(x-2)+2,0 (2<x<3). )

2.6 Yuciaennoe qudpdepenuupoBanne GpyHKumit
2. 6.1 O0mue cBeaeHUus
Jnst npubnusicennozo oupghepenyuposanus bynkuuro f (X ) Ha OTpe3Ke
[a, b] 3aMEHSIOT MHTePHOJHpyomeil GyHKIuen P(x ), roJsiarasi, 4To Ipu
as<x<b
f'(x)=P'(x). (6.1)

AHaJIOTUYHO HaxXoJsiT MPOMU3BOAHBIC BBICIIHX IMOPAJAKOB (1)yHKIII/II/I f ( X ) .
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Ecnu anst naTepnionupytomei pynkipm P ( X ) M3BECTHA MTOTPEITHOCTD

R(x)=f(x)-P(x), (6.2)
TO MTOTPEUTHOCTH MPOM3BOTHON P'( x) BEIpaXkaeTcs hopmyon
r(x)=1"(x)-P(x)=R(x). (63)

[pubmmxennoe auddepeHIupoBaHre — ONEpanus MEHee TOYHAasl, 4eM
HHTEPIOIUPOBaHUE. OJIM30CTH OPAWHAT KPHBBIX Y = f(x) uy= P(X) Ha

oTpe3Ke [a, b] HE TapaHTHPYeT Ha HeM OJM30CTU MPOM3BOIHBIX f’(x) U
P’( x), T.€. MAJIOTO PACXOKACHHUS YTIOBBIX KOAX(P(HUINESHTOB KacaTeNbHBIX K
9THUM KPHUBBIM TP OJWHAKOBBIX 3HAYCHUAX aprymenta (puc. 6.1).

Pucynox 6.1 — TIpousBosbie ucxoanou pyukuun y = f (X )

U MHTEPIOJIHPYIONIETO ee MOJIMHOMA P(X )

2. 6. 2 Yncaennoe qudpepeHInpoBaHne IJs1 PABHOOTCTOSIIIHX TOYEK
ITycts TOYKH Xg, X4, X5, .., X, — paBHooTCTOstMe (puc. 6.2), T.e.

Xj+1 — Xj =h ,(i =0,1,2,..., n—l)n JUIst (I)yHKLu/II/Iyzy(X) H3BECT-

. —X
HBI 3HAYCHUS Vi :y(xi), (IzO,l,...,ﬂ).HyCTL 0 =(q Wi
X=Xy +qh (mpu X, <x<¥ 0<qg<1). (6.4)
h h h h h
v// \\u// \\v// S . v// \\u// S
] % %y xq x Xp2 a1 Xy

Pucynok 6.2 — Ilosicuenue k popmynam (6.4)
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Jlns JaHHOM CHCTEMBI Y3J10B X; HMHTEPHOALMOHHEIN nonuHoM Jla-
rpaHxa

n [n+1]
Z I yl q , (65)

)!
i=0
rre g™ = q-(q—l)-(q—2)-...~(q—n) - o6o6u;eHHa;z CTeneHb umcna g .

dx
Juddepennuposanue Beipaxenus (6.5) ¢ yueTom Toro, 4to P =h, maer

y’(x)zl_,;(x)zlz (_—1)n_i_yi ,i{ Q[i+:]}' (6.6)

h<~it(n-i)! dq| q

J71s1 OLIEHKHU IIOrpEeIHOCTH
R (x)=y (%)= Ly(x)

UCTIONB3YIOT hopmyty

(0= £ (0)- L (0- TG (), @)

(n+1)!
rIe
n
[T, () =(x=x)-(x=x) - (x=x%) = TT(x=x),
i=0
a &= f(f) — TNPOMEXYTOYHOE 3HAUYEHUE MEKAY TOUKAMHU  Xg, X, ..., X,
n X . IlorpemwrHocTh NPOM3BOAHOM B y3/1aX €CTh
G it(n=i)t
R (%)= (—1) o =D ) 6.8
()= (0"t sy ) (6.8)
riae f — TNPOMEKYTOYHOC 3HAUCHUC MEXKTY TOUKAMU  Xp, X1, «..y Xp -

Opumep. [TpousBectu pacuer mast N = 2 (TPU TOYKH).
W3 popmyisr (6.5) cienyer:

Lz(X)=%yo~(q—1)(q—2)— qu(q—2)+% yo-q(a-1).
dq

Torna, ¢ yuetom Ix =h™ moxHO 3amucaTh:
X

V(=105 | 3%(2a-3)-%(2a-2)+ 3y, (2a-1) |

B wacTHOCTH, AJISI TPOM3BOAHBIX y'(Xi ): Vi (i =0,1, 2) noJy-
YaloT:
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1
Vo==—(-3yo+4y1-Y,) a)

~2h
V== (Yo +¥2) 5) (6.9)
2h
Vo= (yo -4y +3y,) )
2h
C COOTBeTCTBy}OH.lI/IMI/I HOFpeHIHOCTﬂMI/I:
1 "
"o=§hZY(§o)a a)
1 nm
=% h>y"(&).  6) : (6.10)
1 2 .m
r= 3 h“y (52 ) 8)

U3 (6.9) u (6.10) cnenmyert, 9TO 60/1€€ NPOCMYIO CIMPYKINYDY U HOBbIULEH-
HYI0 MOYHOCTb UMEIOM POPMYIbL Ol GLIYUCTIEHUS YEHMPATLHOU NPOU3B00-
Hotl (IPOM3BOTHOM B CpeIHEH TOUKE IIPH HEYECTHOM YHCIIE TOYCK).

2.7 YuciieHHoe UHTErpupoBanue QyHKIUH
2.7.1 IocraHoBKa 3a7a4u
3aja4a YUCIEHHOTO MHTETPUPOBAHUS (YHKIMH 3aKITIOYAETCS B BBIYMC-
JICHUM 3HA4Y€HHs ONPEAEICHHOr0 HMHTETpaja MO psAAy 3HAa4eHHH NOJbIHTE-
rpasbHOM  (GyHKIMK. YncieHHOe BBIYUCICHHWE OJHOKPAaTHOTO MHTETpaia
Ha3BIBACTCS MEeXAHUUECKOU K8a0pamypoil, a COOTBETCTBYIONINE (HOPMYIIBbI —
keadpamypHeimu Gopmynamu. OOBIYHBIN TPHEM MEXaHUYECKOH KBaJpaTyphl
COCTOHT B TOM, YTO MOJBIHTErpaibHy0 QyHKIUIO f (X) Ha OTpe3Ke [a, b]

3aMEHSIOT HHTEPHONUPYIOMEeH GpyHKIne (p( X ) IIPOCTOrO BUAa (Harpumep,
MOJIMHOMOM), @ 3aTeM NPHUOJIMKEHHO MOJIararoT:

Tf(x)dx:T@(x)dx. (7.1)

b
Just pyHkumm (p( X ) MHTETpai '[ (p( X ) d X JOImKEeH BBIYHCISATHCS HEMOCPET-
a
ctBeHHO. Ecnu ¢GyHKIus f(x) 3a7aHa aHAJIUTHYECKH, CTaBAT BOIPOC O
norpemrHocT Gopmydsl (7.1). B kadecTBe anmpokcuMupyromei (yHKINH
paccMaTpHBalOT HHTEPHOJISIIUOHHBINA TosinHOM Jlarpamka.
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2. 7. 2 KpagparypHbie ¢popMyJIbl ¢ PABHOOTCTOSIINMMY y3J1aMHU UH-
TEepNoJIUPOBAHUSA
b
Jns GyHKIMH Y = f(x) TpeOyeTcss BEIYHCIUTL HHTErpal j ydx .
a
Beiouparor mar h = (b—a)/n u pa3dusarT 0Tpe3ok [a , b] Ha N PaBHBIX

4acTe ¢ mOMONIBI0 PABHOOTCTOAIHUX TOYCK

Xp = a, X =Xy +1ih (i=1,n—1), X, =b .
BBopst o6o3Hauenue Y; = f (Xi ) (i =0,1, 2, ..., n) U 3aMEHSIOT
GYHKUMIO Y MHTEPHOJALMOHHBIM [OJMHOMOM Jlarpamka, B pe3yJsibTare I1o-
Jy4aroT NPUOIMKEHHYIO IMHEHHYIO KBaJpaTypHylo GopMyiy

fyax=3 Ay, (72)
% i-0

rge A — HeKOTOpble HeolpeeeHHbIe KO3 (OUIUCHTEL.
2.7.3. KBagpatypusie popmynsl Herorona-Koreca
Bepaxkenns s koadunuentos A B (7.2) 3amUCHIBAIOT B BUIE:
A=(b-a)H],
rie nocrosiHabie (ko3dduiuentsr Koteca) ompeaensores Kak
1 (_l)n—i n q[n+1]

H :H’i!(n—i)!o - dg (i=0,1,..,n),  (7.3)
q= %; q["”] — 06001IeHHAs CTENeHb UKCa (.
KBanparypnas ¢popmysa (7.2) npu 5TOM pUHUMAET B[
[ydx=(b-a)3 Hl v, (7.4)
a i=0
roe h:b_a u yi=fi(a+ih) (i:O,l,...,n).

2.7.4 KpanparypHasi popmy.ia Tpanenuii U ee 0CTaTOUYHBII YJIeH
W3 (7.3) nonyuarot 3HaueHus kosdpdumenros Koreca nmpu n=1:

L -1 1 t 1
o= [T gq L pii[qaq=t. @9
0 q 2 0 2

IMoncrasiss (7.5) B (7.4), nonyyatot popmyny mpaneyuii (puc. 7.1):
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X

! h

Jydx=2-(yo+ ). (7.6)

Xo
y ~y=1(®)

Y b
h
X

0 X,=a X1=b

Pucynok 7.1 — K dpopmyne tpaneunii

Ecin ye c® [a, b ], To octaTounsrit wien pasen:
h3

(i) , Tme c‘,e[xo,xl]. (7.7)

2.7.5 KsagparypHasi gpopmysina CHMIICOHA U ee OCTATOYHBIH YJIeH
U3 (7.3) mpu n=2 crnenyer:

112 1(8 1
HZ==-Z[(g-1)(g-2)dq==| =-6+4 |==;
; 220(q )(q-2)dq 4(3 +j -

1 1% 2
Hf=-2.2 -2)dq==; 7.8
L= 1£Q(q )dq 3 (7.8)

C yueroM 3aBUCUMOCTH X, — X; = 2h , u3 (7.4) u (7.8) nonyuyaror:

Xy h
Jydx=2(vo+dn+y.). (7.9)
Xo

@opmyna (7.9) HaszbiBaetcst ¢opmynoi Cumncona. I'eoMeTpryeckn 3Ta
(dopMyia mosydaeTcs B pe3ysbrare 3aMeHbl kpuBoit Yy = f (X ) napabosoi

L, (x), IpOXOAsIIEeit yepes TpU TOYKH
Mo(xolyo ), M, (Xl ) yl)' M, (Xz v Y2 ) (pucyHok 7.2).
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Pucynox 7.2 — K ¢popmyne Cumncona

Ecmu yeC(4) [a, b ] , TO OCTaTOYHBIN WieH Gpopmyibl CUMIICOHA

h5
R= _% y(4) (&) , Tae &JE(XO, Xz)- (710)

OcrarouHblil uneH, onpenensieMblid mo dopmyine (7.10), oOpamaercs B
HYJIb JJIsl TIOJIMHOMOB BTOPO# U TpeThbeit creneHu. [loaromy dopmyrna Cumi-
COHA IPU OTHOCHUTEJIEHO MAaJIOM YHCJe OpJIUHAT 00JIaJaeT MOBBIIIEHHONH TOY-
HOCTBIO.

2.7.7 Obmas ¢popmyaa Tpanenuii
b
J1st BbIUMCIIEHUS UHTerpaia I y d X MPOMEKYTOK HHTETPHPOBAHHS
a
[a, b] nensat Ha N paBHBIX yacTei [Xo, Xl], [Xl, X ], e [XN,l, XN ] ,

b-a
K Kaxjo# npumensiotr popmyny (7.6). Tomaras h = N n obo3Havas

uepes Y; = f(xi ) (i =0,1,...,N ) 3HAYEHHs TOABIHTErPaIbHON (PYHK-

IIMH B TOYKaXx Xi , HOJIy4aroT

p y y
jydx=h(?°+yl+y2+...+yN_l+7Nj : (7.11)
a

Ipu y € c(2) [a, b ], ocTaTouHbIH wieH popmynsl (7.11) paBen

N h®
12

R=—

y'(&)= —% y'(¢), gela,b] (7.12)
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2.7.8 O6mas ¢popmyna Cumncona
Iycte N =2m — uernoe unco u y;= (%) (i=0,1,2,...,N) —

3HaueHHst  QyHKIUM y=f(x) s  paBHOOTCTOAmMX  TOUEK
(Xgs Xgs ey Xy »THE Xp =&, Xy =D) ¢ marom
h:b—a:b—a
N 2m
IMpumenss dopmyry CHMIICOHA K KaXXIOMY YIBOCHHOMY HPOMEXYTKY

[XO, Xy ], [Xz, X4] Y e [XZm—Z’ X2m] el 2h, TONydaroT 06wy
@opmyny Cumncona

b

h
Iydx=§[(y0+yN)+4cl+202], (7.13)
a

O01=Y1tYs+t...+ Yoma }
rae .

Gy =Ya+tYa+...F Yomo
IIpu yeC(4) [a, b ] , ocmamoynwlil wien oowei popmyarvt Cumncona paBeH

__mh® ey (b-a)h® ()
R=-=-Y (¢)= ) (¢), gela,b]. (7.19)

Ecnu 3agana npenenbHast JomycTuMas orpemsocts €> 0, To u3 (7.14)

h<4 180 ¢
(b-a)Mm, '

rne M, ZMaKC‘y(A)(X)‘,T.G. h wumeer nopsiaok A{/_S.

MOYKHO OTIpeaeuTh mar h :

Korpma onenka morpemaoctr (7.14) 3aTpyaHuTeNbHA, TPUMEHSIOT TBOT-
HO#t mepecueT ¢ maraMd h u 2h. [Ipr 3TOM CYHTAIOT, YTO COBIAMAIOIINE

JACCATUYHBIC 3HAKU TPUHAJICIKAT TOUYHOMY 3HAYCHUIO MHTETPpAJIA.

2.8 YucjeHHoe penieHne 00bIKHOBEHHBIX TU(depeHnHaTIbLHBIX
YpaBHeHUii

2. 8.1 O0Omue cBegeHusn
ITycth Ha oTpe3ke [a, b] Tpebyercst HailTn QyHKIMIO Y = y(x) , yIo-
BIICTBOPSIOIIYIO YPAaBHCHHIO

y'= f(X,Y) unavansnOMY ycroBuio y(Xo) =Y
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3nece f(X,Y) —3anannas mempepbIBHAS (YHKIHS 32 TaHHBIX APTYMEHTOB.
PelmiTh NpUBEIEHHYIO 3214y YHMCIEHHO — 3TO 3HAYMT JUIS 33aHHOM

MOCNeIoBaTeIbHOCTU Yucen Xy, X{,..., X, U3 0Tpe3ka [a, b] u yucna Y,
He Haxons camoro pemerns Y = Y(X), BeMuCINTS (MPUGIIKEHHO) 3HAYE-

Hust Y, Yy,..., Y, 9TOrO pemmeHus B Toukax Xg, Xq,..., X, .

B 3ToMm cilydae MOXHO HCKOMYIO HHTerpanbhyio dynkumio Y = Y(X)

3aMEHUTb JIOMaHOH, BeplmHamu kotopoil seistotes toukn M, (X, Y,),

i1 =0,N; npu ycnoBun, uto HampaBIeHHE OTPE3KA [Mi M i +1] COBIIAJIa€eT C
HArpaBJeHUEM WHTETPAJIbHOM KPUBOIl B TOUKE |\/|i . Mnaue roBopsi, HE0OXO-
JIAMO, YTOOKI

%z f(X,Y,), X =X, +ih, h=x_,—x, i=0,n—1 (8.1)

"3 (8.1) cnenyer:

Yia=Yi+f (Xi 1 yi)(xi+1 - Xi) . (8.2)

dopmyna (8.3), koTopyro Ha3bIBAIOT (HopMyJioi Ditniepa, MO3BOJSIET BbI-
YHCIIUTh 3HAYCHHUS y(xi) , T.6 TIOCTPOUTH JOMaHYI0, AMPOKCUMHUPYIOILYIO
HCKOMYIO MHTerpajibHyro kpuByto (Puc. 8.1). HerpyaHo mokasate, 4To mo-

rpemHocTs popmysl (1) paBHa O(hz) .

2. 8.2 Moanduxanuu Meroaa Jiiaepa

Bonee TOUHBIM SIBISICTCS ycosepuiencmeosantulii memoo Diliepad, KOrna
CHaYaja BBIYHUCIISIOT IPOMEXKYTOUHbBIE 3HAUCHHS
X 1=X+— Y =Yt F(X V), (8.3)
k+5 2 k+5 2

a IIOTOM 3HA4YCHHUS.

Yea =Y th-T(X 1y 1) (84)

Jpyro#t Momudukanuet Mmetoga Diinepa SIBISIETCS YCOBEPUIEHCTNEOBAH-
Holtl Memood Dinepa-Kowu. Ero CyntHOCTb 3aKITI0YAETCS B CIEAYIOIIEM: CHa-
yana BEIOMPAIOT «rpyboe» MPUOTIKCHIE K  peLIEeHUI0 -
Y =Y + h-f (Xk ) yk)1 3aTeM, UCXOAA U TaHHOI'O BBIPAXKEHUs, BEIYUC-

maor T, = F(X, .1, Yy.1), 2 IOTOM NPUGTHKEHHO TIONATAIOT, YTO
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F (X Vi) + F (X Vi)
— h- k* Ik k+11 Jk+l .
Yia =Y t 5

YCOBeleeﬂ(JTBOBaHHHﬁ METOJ Bﬁnepa MOXHO €1IcC Ooiee YTOYHUTD,

(8.5)

NPUMEHMB UMepayuouHyo obpabomxy Kaxmoro sHadenus Y, . Mcxons us

«rpy6oro» mpubmmxerns Y\ =Y, +h- f(X,,y,) crposr nrepammon-

HBI} [poLecC BUAA:

s h o] -
|E+)1 =Y +E'[f (X Vi) + T (X I£+11) ]: 1=12,.... (86)

[pouecc nrepauuu MpoAODKAIOT 10 TeX MOP, MOKa JIBa MOCIETYIOMINX
(m) (m+1)
npubamxenus Y, m Y .~ He OyoyT coBNajgaTh B COOTBETCTBYHOLIMX

m
JCCATHUYHBIX 3HaKax. Ilocne sToro momararot yk+l ~ L_:Z — 06]].[215[ HacCTb

TpHUOTMKEHUH yﬁTl) u iETlJrl)

Mertop Diinepa ¢ UTeparoHHOH 00pabOTKON JaeT Ha KaXIOM IIary Io-

3 o
TPCIIHOCTD MOpAaKa h " HECPCIAKO UCIIOJB3YCTCA B BBIYUCIUTCIBHOU ITPpaAK-
THUKC.

2. 8.3 Metoa Pynre-KyTTsi

Meton Pynre-KyTTel XapakrepusyeTcs MOBBIIICHHON TOYHOCTH U IMPH-
HAJJIEKUT K MHOTOIIArOBBIM METOJAaM YHCIEHHOIO MHTErPUPOBAHUS 3a1a4H
Komm

Y y00) V)= Yo @)
X

Iycts N — mar uaTerpupoBanus. Beraucienye MpuOIMKEHHOTO 3HATE-
Hus Y, , Tpu pemienun 3a1aun Komwn B Touke X, , mMerogoM Pynre-KyTrer

3aKJIFOYAETCS B BBINOJHEHUH OIEPAIlUii, CBSI3aHHBIX C OMNpEACICHHEM Ha
KakaoM K — om miare KO3 PHUIINECHTOB

k, =h-f (X, Vi),

h k
k,=h-f(x, +=,y, +-3),
2 (k 2 yk 2)

h k
k,=h-f(x +=,y, +-2), 8.8
3 (X, > Y 2) (8.8)
k,=h-f(x,+h,y, +k;);
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M Janee 3HaYCHHI

Y = Yk +%'(k1 +2K, +2K; +K,). (8.9)
[pumep. Haiiti 3nauenus yukuun Y = f (X) — peuienus ypaBHeHusS
Y(X)=y(X)-4x+3 opu X9 =0, yp=3,n=3u h=0.1.
Pemenne HaumHAIOT ¢ BhIUMCIeHUs kod(dumuentoB Ki,kp, k3 u kg
oI XQ U YQ -
ki =h-F(x0,y9)=0.1-6=0.6;
ko =h-F(xg +0.05, yg +0.3) =0.1-(3.3—4-0.05+3) = 0.61;
k3 =h-F(xg+0.05, yg +0.305) =0.1- (3.305—4-0.05+3) = 0.6105;

kg =h-F(xg+0.1, yg +0.6105) =0.1-(3.6105—4-0.1+ 3) =0.62105.
y1 Haxozast no ¢opmyie (8.9):

y1 = 3+%(o.6+2-o.61+2.0.6105+0.62105)= 3.61034.

Hanee Beraucisor kxoddounuentsi Ky, ko, k3 u kg ams HOBbIX 3Haue-
Huii X1 =0.1 n yq =3.61034:

ki =h-F(x,y1) =0.621034 ;

ko =h-F(xq +0.05, y; +0.310517) = 0.63209 ;
k3 =h-F(xq +0.05, y; +0.31605) = 0.632635 ;

kg =h-F(xq +0.1, y1 +0.632635) = 0.6442975.

PaccunThIBAIOT ClieayIoNee 3HaUCHUE HYHKIMY:

yo=y1+ % (k1 +2ko + 2k3 + kg) =4.2428 .
Just onpenenenust Y3 Beraucisior Kq, ko, k3 u kg ¢ yaerom 3Hauennit
X2 =0.2 u yp =4.2428:

k1 =0.644280, ko =0.65649, k3 =0.65711n kg4 =0.66991.
Torna

y3 =4.2428 +% (0.64428+2-0.65649 ++2-0.65711+0.066991) = 4.89971.

2.9 OaHoMepHasi OITUMH3AIINS
2. 9.1 O6uue cBegeHus
Iycrs ¢ynkums f(X) ompenenena Ha P < Ep. 3anmaueil oxHoMepHOit
ONITHMHU3AIIMH HAa3bIBAIOT 3a/1a9y, B KOTOPOI TpeOyeTcst HalTH
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max(min) f (x), xeP.

Pewenrem nim To4KOi MakcuMyMa (MUHMMYMa) 331241 Ha3bIBAIOT TOY-
Ky X* e P Takyro, 4To

f(x*) > (L) f(X) mnaBeex XeP.

Metoapl OZHOMEPHOH ONTHMH3AaLUKM YCJIOBHO IIOAPA3JEISIOT Ha TPU
rpynnsl. K nepgoii Tpymie OTHOCSAT METOIbI, OCHOBAaHHbIC Ha BBIYHCIIC-
HUHW 3HaueHu# camoit pyHkiwu f(X) (Memoowr nynesozo nopsoxa). Bmopyio
TPYIITy COCTABISIFOT METOABI, MCHONB3YIONINE 3HAYCHUSI W (DYHKIUH, U e€e
TIEPBOM MPOM3BOIHOU (Memoodvl nepeozo nopsadka). K mpemvetl Tpymie
MPUHAIJICKAT METOJBI, MCIONB3YIOIINE 3HAYeHUS (DYHKIUH, €€ NEPBOH U
BTOPO# MPOU3BOAHOMN (Menodbl 8Mopo2o NopsoKa).

B nanbHeiimeM mpeanonaraeTcsi, 4TO MaKCHMHU3UpyeMmast (GyHKIHS,
ompeneNieHHas Ha MHOXecTBe P, sBiseTcd yHHMOAAJIbHOH. DTO 3HAYMT,
YTO CYyLIECTBYET €IMHCTBEHHas TOYKa X* ee MakcumMyma Ha P u s
MoOBIX X, X, € P:

f(xq) < f(x2) < f(X¥), ecmn X < X9 <X*
F(xX*) = f(x) = f(x2), ecmm X*2>x1 =X

Jpyrumu cioBaMH, yHUMOAAibHass (DYHKIMS MOHOTOHHO BO3pacTaeT
clieBa OT TOYKH MaKCHMyMa M MOHOTOHHO YOBIBAaeT CIipaBa OT Hee.

[Mpeanonoxenne 06 yHNMOJAIBHOCTH (DYHKIUH B OKPECTHOCTH TOYKH
x* eCTEeCTBEHHO, I0JITOMY IOJy4eHHEe MH(POPMAIMM O TAKOM MPOMEKYTKE
SIBJISIETCSI BKHBIM 3TAlloM MPOLENypbl onTHMU3anuu. [Ipu MCHoIbp30BaHUU
METOJIOB OJIHOMEPHOW ONTUMH3ALUH OOBIYHO BBIACISIOT J[BA dTara: MOUCK
0Tpe3Ka, COJIepHKaIlero TOYKy MaKCUMyMa, 1 YMEHbIIEHHE JUIMHbBI 3TOTO OT-
pe3ka 10 3apaHee YCTAHOBJICHHOW BEIWYHMHBI (YTOYHEHHE KOOPIAMHATHI
TOYKH MaKCUMyMa Ha JITAHHOM OTpPE3Ke).

2. 9.2 INouck oTpe3ka, coep:KaIIero TOYKY MaKCUMyMa

AnroputMm CeeHHa

Hcxomubie TaHHBIE: Xo — HadadbHast Touka, h — mar moucka (h>0).
lar 1. Beraucnuts f(Xg); f(Xo +h); f(Xo -h); k=1.
lar 2. Ecmu f(Xo -h) < f{xo) < f{xo +h), To X3 =X + h, mepeiitu k mary 4.
lar 3. Ecou f(Xo -h) > f(Xo) > f(Xo +h), T0 x1 = X0 - h, h = -h, mepeiitu k
mary 4, B mporuBHoM ciydae (f(Xo -4) < flxg) > f(xo +h)), a=X; —h; b=
Xo + h, xowrer.
Llar 4. Xgrq =X + 2N, BeIaMCIHTE f(Xy1)-
lar 5. Eciu f(Xe+1) > (X« ), T0o k =k + [, mepeiitu k wary 4.
Iar 6. Eciu h > 0, T0 @ = X¢.1, b = X¢+1, KOHEL, B IPOTUBHOM Cilydae a =
X1 s D = Xy1 , KOHEIL
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Ciryuait f(Xg -h) > f(xo) < f(Xo +h) (mmar 3) me paccmarpuBaeres,
T.K. OH IPOTHBOPEYMT NPETIONOKEHUIO 00 YHUMOAAILHOCTH QyHKIuH f(X).

VMeHbLIEHHE [UIMHBI OTPE3Ka, COAEPIKALIEr0 TOYKY MAKCUMyMa,
JOCTHIaeTCs IyTEM IIOCIIENOBATENLHOTO UCKIIFOYEHHS YacTel 9TOro oTpe3Ka.
BenvunHa MHTEpBaNa, UCKIFOYAEMOI0 Ha KAXKIOM IIare, 3aBUCHT OT pac-
HOJOKEHHUs IBYX INPOOHBIX TOYEK BHYTPHM OTpPe3Ka. IIOCKOJNBKY KOOPIH-
HaTa TOYKM MakKCMMyMa 3apaHee HEM3BECTHA, IEJIeCO00pa3sHO pa3MellaTh
NpoOHBIE TOYKH TakuM 0Opa3soM, 4ToOBI 0OeCreYrBaTh YMEHBIICHHUE JUTH-
HEBI OTPE3Ka B OJIHOM U TOM K€ OTHOIICHHUH.

2. 9.3 JluxoroMu4ecKuil mouck (MeTox qeeHUs 0OTpPe3Ka Momoaam)
[TpoGHBIe TOUKH Y, Z Ha KKIOM IIare 3TOT0 METO/1a BEIOUPAIOTCS Kak:
y=(@a+b)/2-6; z=(a+b)/2+7,
rae 0 — mapaMmeTp Takou, uro 0 < J < (b-a).
IMpn manmblx & KaxJas M3 NPOOHBIX TOYEK JEIUT OTPE30K IOYTH
MOMOJIaM, T.€. UCKIIIOUEHHIO OyIeT MOAJIeKaTh OUTH MTOJOBHUHA OTpE3Ka.

AJnropurM.
Wcxoausle maHHble: 0Tpe3ok [a; b], comepxamuii TOYKy Makcu-
MyMa; apameTp J U mapaMeTp OKOHYaHHUs cueTa & (€ > 20).
U_Iarl.al =a, b1 :b,k:1
Iar 2. Ecmu by —a, <e¢, X* € [ay, by], xowerr.
ar 3.
y=(ak +bk)/2-06; z=(ax +bk)/2+5
A=1(y); B=1(2).

lar 4. Ecam A>B, 10 & ; =4,; bk+1=Z; B IPOTUBHOM Cllyuyae

a,,=Y:b,=b
Mar 5. k = k+1, nepeiitu k mary 2.

Ha xaxaoii uTepanuu JUXOTOMHYECKOTO MOMCKA MPOU3BOJISIT J1BA BbI-
YHCIIeHHs 3HaYeHHsI QYHKIMH ¥ mocie N BhraucieHui (N/2 urepaimii) amuHa

n/2
HavaJIbHOTO MHTCPBAJIa YMCHBIIACTCA HpI/I6HI/I3I/ITCHLHO B 2 pas.

2.9.4 Merox «30/10TOr0» CEYEHUA

«30JI0TBIM» CEUEHHEM OTpe3Ka Ha3bIBaeTcsl JAeJIEHUE OTpe3Ka Ha JIBE He-
paBHBIC YacTH TaK, YTOOBI OTHOIICHUE JUTHHBI BCETO OTPe3Ka K JITHHE 0O0Jb-
IIeld 4YacTH PaBHUIOCH OTHOIICHHUIO ITUHBI OOJBIICH YacTH K JUIMHE MCHbB-
1reii yactu otpeska. 30J0Toe cedenue orpeska [a;b] mposomurcs aByms Tou-
KaMU Y ¥ Z, CAMMETPUYHBIMA OTHOCUTEIFHO CEPEIUHBI OTPE3Ka.
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LA |
LA =1A
. oo,
a
I\
(A- DA A
Pucynok 9.1— MeToa «3070TOT0» CeUeHUs
b‘azb‘yzb‘a=Z‘a=/1=*/§+1=1,6180...
b-y y-a z-a b-z 2

OTtcroga
y=(A-Da+(1-1)%b=0,618a+0,382b
z=(1-1)%a+(A-1)b=0,382a+0,618h
Touka Y MPOU3BOJMT «30J0TOE» ceueHre oTpe3ka [a;z], a Touka Z mpo-
M3BOJHUT «30JI0TOE» cedeHue otpeska [y;b]. Ha stom cBoiicTBe, mo3Bosio-

IIeM Ha KaXJOW NTepaluy BBIYUCINTH 3HaYeHWE (YHKIMH JIUIIb B OXHOU
poOHOI TOYKE, OCHOBAH aJIrOPUTM METO/A.

Anropurm.
Wcxoaubie nanubie: [a;b] — orpe3ok, comepkaiiuii TOUKy MaKCUMyMa;
& - mapaMeTp OKOHYaHUs CU€Ta.

MMarl. A= J§2+1; k=1 a =a; b =b;
y=(A-Da +(A-1b; A=T(y);
z=(1-1)%a, +(A-Db,; B= f(2).
ar 2. Eciu A>B, To nepeiitu k mary 4.
Mar3. a8, =Y; b, =h;
Y =12, A=B;
z=(4 _1)2ak+1 + (l_l)bk
B= f (z), nepeiitu x mary 5.

+17
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lar4. &, =a,; b, =2, z=y; B=4;

y= (ﬂ‘_l)ak-#l + (ﬂ“—l)zbk-ﬂ;
A= f(y).
Iar 5. Eciu bk+l—ak+l <&,TO

X e [ak+1; bk+l] , KOHEIL.

Hlar 6. k = k+1, mepeiiTu K miary 2.

Ha kax/0ii uTepalui METO/Ia «30JI0TOT0» CEYCHHs IIPOU3BOUTCS JIUIIb
OJIHO BBIYMCIICHHE 3HaueHUs (yHKuW. [Ipy 3TOM IMHA TOIYYEHHOTO B
pe3ysbTaTe OJHOM uTepaiu oTpeska coctaBut (A —1)A rme A— [udHA Hc-

XOJHOTO MHTEpBaa.
Ecnu cpaBHUTH METOABI AUXOTOMHYECKOTO MOUCKA H «30JI0TOTO» cede-
HHS, HUCHONIB3Yys B KauecTBe Kkpurepust sddexruBHoctn F =Ap/A-

OTHOCHTEJIPHOE YMCHBIICHHE HHTEpBaja IMocie N BBHIYMCICHUN 3HAYEHUH
¢ynkumn f(X), roe Ap— AJMHA HHTEpBaNA, MOJIYYSHHOTO MOCie N BBIYHC-

neHuit, 10 F :(0,5)n/ 2 B cllyyae JUXOTOMHUYECKOTO IIOMCKa U

F =(0,6180)" 1 MeTo/ta 30.10TOT0O CeUEHHS, T.€. METOJ 30JI0TOTO CEUCHHS
s dexTuBHEE.

2.9.5 Mertoa cpeaHeii TOUKH

J71s1 OThICKaHUSI KOPHS YPaBHEHUS

f'(x)=0
KOTOPOMY COOTBETCTBYET TOUKAa MaKCUMyMa YHUMOJAJIbHON U tudepeHu-
pyeMmoil Ha 3agaHHOM oTpe3ke GyHKuuH f(X), HCHONB3YIOT aXrOPUTM HC-
KIIFOYEHHUS] MHTEPBAJIOB, Ha KaXIOH HTEepalMyd KOTOPOIO paccMaTpUBAECTCS
JIMIIB OJHA TOYKA Z.
Ecnu B TOuke Z BBIIIOJHSIETCS YCIOBHUE

f'(x)>0
TO ¢ y4ETOM MPEINOI0KEHUS 00 YHUMOIANBHOCTH YTBEPXKIAIOT, YTO TOYKA
MaKCHMyMa He MOXET HaXOJHThCS JIeBee TOUYKH Z, CIICNOBATENIbHO, HHTEPBAJ
X < Z wmoxer 0biTh uckio4éH. C npyroii croponsl, ecmu f'(X) <0 To TOU-
Ka MakCHMyMa HEe MOYKET HAaXOJUTHCS TpaBee TOUYKH Z, T.€. MCKIIFOUCHHIO
MOJJIEKUT MHTEPBAT X = Z . DTH PacCyKAEHHs COCTABIIAIOT OCHOBY METOJa
(mouck bonsrmano).
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Adropurm.
Wcxoubie qaHHble: TOUkd @ u b takue, yro f'(a)>0, f'(b) >0, ¢ -
rapaMeTp OKOHYAaHMS CUETA.

Mar 1. z= a—;LtJ . Beraucnute f'(z).

Iar 2. Eciu |f'(Z) >0|S£ , TO X ~z , KOHEIL
lar 3. Eciu f'(z) >0 1o a=z, nepeiitu k mary 1, unaue b=z, nepeiitu K ma-
ry 1.
2.9.6 Metox xopxa (ceKynIux)

Ipu peanu3anny METOAA YIUTHIBACTCS HE TOJIBKO 3HAK IPOU3BOIHOMN, HO
 e€ 3HaucHHEe. MeTo 3aKIII09ACTCs B PELICHUH YPaBHCHHS

f'(x)=0
METOJIOM XOPII ¥ IO3TOMY HOCHT TOKE Ha3BaHHE.

ITycTp 3HaKK MPOM3BOAHOM yHEUMOMaNbHOM GyHKimu f(X) Ha KOHIAX OT-

peska [a;b] pasmuunsr: f'(a) >0, f'(b) <0.

2.10 MHuoromepHasi ONTHMH3AIUS
2.10.1 OO6wme cBexenust
OnuH U3 NOAXOM0B K 3a1adue moucka skctpemyma ¢ynkiuu f(X) Bek-

TOpHOTO aprymeHTa pasmepHocTH N (kak M B ciIydae OZHOMEPHOTO ITOMCKA)
3aKJII0YACTCS B PELICHUU CHCTEMBbI HEITMHEHHBIX anreOpandeckux ypaBHEHHH

i:O, i=1...,N, (10.2)
OXj
MTONTyYarOIIeiCs IPH MCIONB30BaHUN HEOOXOAUMOTO YCIOBHS IKCTPEMyMa.
MeTtoibl 1151 pelIeHHs CUCTEM HEJIMHEHHBIX YpaBHEHUI, O CcaHHbIE B 1. 2.3,
MOTYT IJIOXO CXOJIUTHCS.
Jpyroii mnoaxoJ 3aKJIIOYaeTCs B IOCTPOCHMM TaKOM IOCIENOBa-

..

TENbHOCTU )?(0),)?( JUIsL KOTOpoil 3HaueHus: QyHkuum f oOpasyror

Y6I)IBaIOIIIyIO CXOAAIYIOC TMOCIEA0BATCIbHOCTD. Takue METOAbI Ha3bIBAKOT
npAMbIMU Memooamu peuieHus 3aaa4 ONTUMH3AlUU. HpI/I 3TOM IIOCJIEAOBA-

TEIBHOCTh BEKTOPOB )?(o),)?(l),...,i(N), VIOBJICTBOPSIOIINAX YCIOBHIO

f (5('(0)) > f ()?(1)) > f ()?(N)) , Ha3bIBA€TCS PelaKCAYUOHHOU, @ METOIBI TI0-

CTPOCHUSA ITUX l'[OCJ'ICI[OBaTCJ'IBHOCTeﬁ — METOAaMHU CITyCKa.



55

B meromax cmycka TOYKM peNaKCallMOHHOM MOCIEIOBAaTEIFHOCTH BEI-
YHUCIISIOTCS CIESAYIONIIM 00pa3oM:

xKD) — 5K 4 o B (10.2)

rae |5(|<)7 HaIIPaBJICHUE CITyCKa OT TOYKH )—((k) K TOYKE )‘<(k+1) ,

ok — mar
BJI0JIb 3TOTO HaNpaBJeHUsA. Pa3nuyHble BapuaHThl METOJA CIIyCKa OTIMYArOT-
csl IpYr OT Apyra crocobamu BbIOOpa HallpaBieHHs CITyCKa M Ilara BIOJb
HEro.

Mertonsl 6mopozo nopsaka (cM. paszaen 2.9) s nojgydeHus pesyiabTrara
C 3aJaHHON CTENEeHBI0 TOYHOCTH TPEOYIOT HaUMEHBILIETo YHCIa UTEepalHi.
OnHaKO BBIYMCIICHHE BTOPBIX MTPOM3BOAHBIX MOXET IOTPeOOBaTh OOJNBIIOTO
KOJIMYECTBA BBIYMCIUTENBHBIX oneparuii. [IosToMy ObIcTpee MOTYT CXOANTH-
Csl METOJIBI TIEPBOTO M HYJIEBOTO MOPSAAKOB. XOTS OHU TPeOYIOT OOJBIIETO
KOJIMYECTBA WTEpalnii, KaXIas HTEparys MOXKET MOTPeOOBaTh MEHBILIETO
KOJIMYECTBA apU(PMETHUECKHUX OIepanuii, T.e. CyMMapHOEe KOJMYECTBO OIe-
panuii Oyznet Menbire. C TOUKH 3pCHUS BBIYUCIUTEIBHBIX 3aTPaT 3TH METOIBI
MOT'YT OKa3aThCs MPEANOYTUTEIBHEE.

2.10. 1 I'panneHTHBIE METOABI
EcrectBenno B dopmyne (10.2) npu noncke munumyma ¢yukuuu f (X)

BBIOUpATh B Ka4eCTBE HAIPABJICHUS CIIyCKa TO HANpPAaBJICHHE, BIOJb KOTOPO-
ro QGyHKIMs yOBIBaeT CKOpee BCero, T.e. HalpaBJICHWE aHTHrpagueHTa. To-
raa popmyna (10.2) mpumeT Bug

g (K1) —g(K) _ g Frx(K)y (10.3)

e f()?(k)) — rpaguent ¢pyukiuu f B Touke X(k) . Metonsl criycka, B KO-

TOPBIX B KaUeCTBE HANpaBJICHHUs CIIyCKa MCIOJB3YeTCs] HAlpaBIeHHUE, COBIA-
Jlaroliee C aHTUIPAJUCHTOM, Ha3bIBAIOTCS 2pPAOUeHmMHbIMU U OTIMYAIOTCS
JpyT OT Jpyra BHIOOPOM Iara BJIOJb HANPABJIECHUs CITycKa. DTH METOIbI 5B-
JSIFOTCSI METO/IaMH TIEPBOTO MOPSIZIKA.

2. 9.2 I'paaMeHTHBIE METO/bI € APOGJIEHHEM LIara

lar crrycka npu ucnonabp3oBanuu Gopmyasl (10.3) BeiOupaercs u3 ycio-
BUSI, YTO 3HaueHHE (PYHKIMHM Ha KaXJOM Iare MEHbIIe, YeM Ha MpeablIy-
eM, T. €.

F Ky > £(x0) _ gy £ (x(y) (10.4)
HpI/I 3TOM BO3HHKACT HpO6HCMa BBI60pa miara O{k . ECHI/I mar 3agarb O4€Hb

MaJIbIM, TaKUM, YTO YCJIOBUEC 6yneT 3aBCIOMO BBIIIOJIHATBHCS, 3TO MOXKET I10-
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TpeOOBaTh OUYEHH OONBIIOTO YKcia uTepanuii. Ho Oompmmii mar MoXxeT mpu-
BecTH K Hapymiernto ycimosus (10.4), mubo mpuBecTn K KOJIeOaHHAM OKOJIO
TOYKM MHHMMYMa. [l03TOMY HUTEpalMOHHBIN mpouecce, yIOBJIETBOPSIOIINN
ycaosuto (10.4) cTpourcs cienyromum obpasoM. Beibupaercs mar aq, u ¢
STHUM ILArOM, MOCTOSHHBIM JJIsI HECKOJBKHX MTEpalWid, IPOBOJHUTCS pacyer
o ¢opmyre (10.3) u g K -it urepauuu nposepsiercs yenosue (10.3). Ecnu
OHO BBIIIOJHSAETCA, TO C 3THM IIaroM MPOBOJST CIEAYIONINE UTEPAIHH.

Ecnu ycnosue (10.3) He BBINOHSIETCS, TO Al () YMEHBIIAETCS 0 TeX
op, moka yciosue (10.4) He OyneT BrIoIHEHO. [ padudeckas WILTIOCTpAIUsI
MeToJa nmpuBeneHa Ha puc. 10.1.

o (K
K Touke MHHHUMYMa X( )HpI/I6J'II/I)Ka€TCH HEKOTOpad  JIOMaHasg

s0) s gk o &

X( ),X( ),...,X( ),OpTOFOHaHBHaﬂ B Ka)XXJOH TOYKE COOTBETCTBYIOILCH IH-
HUM ypOBHS. DJTa JIOMaHas Ha3bIBACTCsS TPAJANCHTHON KPUBOW M YAOBIETBO-
psieT ypaBHEHUIO

K __fm).

_fl'.'?' ] I}

~F(z

Pucynox 10.1- Wnnroctpanus K TpajJi€HTHOMY METOJY C APOOJICHHUEM I1ara

2.10. 3 MeTox HanucKopeiilero cmycka
B merone HanckopeHrIero cnycka mar Ha KakJ10d HTepaliy BEIONpaeT-
cst u3 yenosust MuanmyMa Gyrakimn f (X) B0 HampaBieHUs CITycKa, T.e.

£ (x0) — g £ @0y = min £ (xK) - of (x(K))

B sTOM MeTOe Ha KaXA0W WTEepaluu peliaoT 3a7a4y OJHOMEPHOU OIl-
TUMHU3AINUU, YTO YCIIOKHACT aJIrOPHUTM U Tpe6yeT JOIIOJIHUTCIIBHBIX BBIYHC-
neHui. OfHAKO METOJ JAeT BBIUTPBILI, CBS3aHHBIA C JBHJKEHHEM BJOJb
HAMpaBJIEHUs CIIycKa, KOTOPOE OCYIIECTBIIAETCS C ONTUMAIbHBIM [IArOM.
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=

i f"{_‘l:-l:ll]_

. IFJ[ by
-Fiz
Pucynok 10.2— Mmmroctpanus K METOy HaUCKOPEHIIEeTo CiycKa

T'eomerpuueckas wumocTpauus Merona npuBeneHa Ha puc. 10.2, rae
Ka)x/1as IMOCIIAYIONAs TOYKa HaXOJUTCA KaK TOYKa KacaHWsS aHTUTPaJHUCHTA
U JTMHAA MUHUMAaJBFHOTO YPOBHS B TAHHOM HaIpaBICHUH. 3BEHBS IPAAHCHT-
HOU KPHBOH B ATOM CITydae OpPTOTOHANBHEI IPYT ApyTy. JeficTBUTENBHO, IIar
« Ha KaXXJOi UTEepalliil BEIOMPACTCS U3 YCIOBHUSI MUHUMYMA 10 ¢ (pyHKIHH

ole) = £ (x0) —gf (%K)
Jduddepenuupys ¢ mo « , noirydaem
g_(o = i[f (g(k) _dF'(y((k))] = g_ﬁ = _f'()"((kJrl) F'()“((k) -0
a Oa OX O

T. €. HalpaBJICHUA CITyCKa Ha ABYX IOCJICIOBATCIIbHBIX HUTEpALUAX OPTOTO-
HaJIbHBI.

2.10.4 MeToa MOKOOPAMHATHOIO CIIyCKA
B nmanHOM cirydae CITyCK OCYIIECTBISIOT HE TI0 BCEM KOOPIUHATAM O
HOBPEMEHHO, a IMOCIIEI0BATEIBHO 110 KaXKJOH U3 HUX CIIETYIONINM 00pa3oM.
- 0) ,(© 0
ITycTs X(O) = (X:E ),Xg )....,Xr(] )] _ TOYKA HAa4aJbHOI'O MpPUONMKEHUS
(3mech HWKHUIT MHIEKC — HOMEp KOOPAMHATHI). OCYIIECTBIAIOT CIYCK IO
nepBoil KoopauHaTe X1. Jms 3Toro (uUKCHUpyOT BCe KOOPAMHATHI, KpOMeE

NEePBOi, BHIYUCIIAIOT YACTHYIO MPOU3BOAHYIO GyHKIMKM [ 1o mepBoit koop-

1 HAaXOJAT ClieAyroniee HpI/I6JII/I>KeHI/ICZ
X=X

JIMHATE ﬁ
ox1

20 5O g, O
X1

X=%"
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rae €] = (1,0,...0) — €JIMHUYHBIA BEKTOP OCH X] .

I, i
yill
. T
0 %

Pucynok 10.3 — Mmmtoctparyst K METOAy KOOPAMHATHOTO CITyCKa

Crenyrommast UTepalys IPOUCXOAUT aHATOTHYHO: (PUKCUPYIOTCS BCE

KOOPAUHATBL, KpOME X2 , U 7((2) BBIYHCIIACTCA IO hopmyIte

s@ g0 g, g
8X2 )?zs('(l)

rae € = (1,0,...0) — €JJMHUYHBII BEKTOP OCH X7 .

Takum 00pazoM, B METO/I€ MOKOOPIMHATHOTO CITyCKa Ha KaXkAOH urepa-
LMY MEHSETCS TOJNBKO OJHAa KOOPAWHATA, T. €. CIICK OCYIIECTBIIETCS IO
JIOMaHOH, COCTOSIILEN U3 OTPE3KOB MPSMBIX, IapaJUICIbHBIX OCSIM KOOPIHHAT.
I'eoMeTrpuueckas MHTEpIpeTanys MeToaa Uil ciydas QYHKIHUW JBYX He3a-
BHUCHMBIX MEpeMEHHbIX n3o0paxeHa Ha puc. 10.3. 3xgech yepe3 X* obOo3Ha-
YEHO PEeIICHHE 3a/1adi ONITUMH3AIIHH.

2.10.5 CxonumocTh rpagdeHTHBIX METOI0B

B paccMOTpeHHBIX METOAax MOCIIEeN0BaTeIbHOCTh f(k) (X) cxomurest ¥

touke MuHumyma pyHkiun f(X) u3 ar000it TOUKH HAYaIBHOTO MPHOIIKE-

HUS )—((0) . Ecnu ¢ynkimsa f(X) orpaHuyeHa cHu3y, ee TPaJUCHT YIOBIE-
TBOpSiET ycrosuio Jlunwuya (T. €. CYIIECTBYET MOCTOsIHHAS R Takast, 4to He-
PaBEHCTBO ||f()?)— f()7)||£ R")?—Y” CMpaBeUTUBO JUIs JHOObIX X Hu Y,

MIPUHAAJISKAIIAX JAOMYCTAMOMY MHOXKECTBY) M BBIOOp 3HA4YEHHWS IIara Ha
KaXI0H NTepaIiiv MPOM3BOIUTCA OJHIM W3 OTMCAHHBIX BBIIIE CIIOCOOOB.
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Teopema rapaHTUpyeT CXOANMOCTB JUOO0 K HIDKHEH rpaHu, Jubo K cTa-
UOHapHOW Touke. I'pamueHTHBIN MeTox ¢ BeiOopom mara mo (10.3) rapan-
THPYET CXOJUMOCTh B TOYKY MHHHMYyMa, eciid f (X)sABisieTCs CHIBHO BBI-

nykioit pyHknuend. CKOpoCcTh CXOIMMOCTH OLIEHUBAETCS HEPABEHCTBOM
N Bt G [

T. €. HTEPALUH CXOIATCS KaK T€OMETPUYECKAs POrPECCHs CO 3HAMEHATENEM
nporpeccud =(M —m)/(M +m). B kauectree M u ms (10.5) moryr,

M +m

HarpuMep, ObITh B3AThl MAKCUMAJIbHOE U MUHUMAJIbHOE 3HAYEHHS COOCTBEH-
HbIx yucen marpuisl ' (X) .

B KauecTBe KpHUTEpUs OKOHYAHHS HMTEPAI[MOHHOTO IIPOIecca OOBITHO
GepeTcst OJIHO U3 CIIEAYIOIUX YCIOBHIA:

H*(kﬂ) o) of

dX|y =%

Ecnu Bennuuasl M 1 M HE3HAUUTENTHHO OTIMYAIOTCA APYT OT Apyra, TO
3HA4eHUE ( Majgo U CKOPOCTh CXOIUMOCTHM METOJA IOCTAaTOYHO XOpOoIIas.

Hf(i("ﬂ))— f(X

Ecmu s5xe M >m, 3HaueHne ( OJU3KO K €AMHUIIC U I'PAaJUCHTHBIC METOMABI

cxomTesl Woxo. B aToMm ciydae penbed QpyHKIMU HOCHT TaKk Ha3bIBaeMBbIi

OBPaKHBIH XapakTep, T. €. JMHUH YPOBHS OTIINYAIOTCS OOJIBILION KPUBU3HOM.
Ipumep. Paccmotpum yukuuio f (X, y) = x2 ¢ 28y2. Ee nuuuu ypos-

HSA CUJIBHO BBITAHYTBI BJ0OJIb OCHU X. TpaeKTopm{ TPaAUCHTHOTO CITyCKa IJIst
9TOH (DYHKIMH XapaKTepU3yeTcs CIyCKOM Ha JTHO OBpara M 3aTeM MeIUICH-
HBIM JIBIKCHHEM BJIONb €r0 JHA K TOYKE MHHUMYMa. V3MEHUTH peibed
(hYHKIIMY MOKHO BBEJCHHEM HOBBIX IIEPEMEHHBIX, YTO MOXKET U3MCHHTH Xa-
paKTep CXOAUMMOCTH HTEPAlMOHHOIO mponecca. Tak, 3aMEHOM X|—x;

y12 = ZSy2 cBeeM MIPUBEICHHYIO (GYHKIHIO K GbyHKIHN

f(xl, yl) = Xf + yl2 JUHUAMU YpPOBHSI KOTOPOH SIBIAIOTCS OKPYXKHOCTU H

IpaJIMeHT HANPaBJIeH B TOUKY MUHUMYMa (yHKIIHH.
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2.11 MeToabl 00padoTKH IKCIIEPUMEHTATBHBIX JAHHBIX

IIycTh B Ipoliecce KCMEPHMENTA IyTeM H3MEpEeHHil Tojydena Tabmia
HeKoTOpoii 3aBucuMoctH | :

X .o
X, X X

F) ve oy, 7y,

Tpebyetcsa Haliti GopMyIy, BEIpaXkKaroUIylo 3Ty 3aBUCHMOCTH aHAJIHUTHU-
yecku. CopmymnmpyeM 3amady TakuM 00pa3oM, 4TOOBI YUHTHIBAJICS Xapak-

Tep ucxoaHol (yHKuuM: HakTu dyHkumio F 3agansoro Buaa y= F(X),

NPUHUMAIOIYI0 B Toukax X, X,,..., X, 3HaueHUd ONM3KHE K TaOIMUHBIM

sHaueHuwsaM Y, Y,,..., Y, .
Ha mpakTuxe Bup npubmmwxatomeil Gysxkuun F onpenensercs cremy-
rommm o6pasom. ITo 3ananmoit Tabmuue snauennit f (X) crpomres ee To-

YeYHBIH rpaduK, a TOTOM MPOBOIUTCS TIagKast KpUBast, IPUOIMKEHHO 0TO0-
pakaromias XapakTep pacrnoyoxkeHus Touek. ITo momydeHHON kpHBO#l onpe-
JeTsieTcs BUA NpuOmKaromei QyHKIum.

PaccmoTpuM MeTOn HaMMEHBIIMX KBaJpaTOB, KOTOPBIA HCHOJB3YETCS
JUIS anNpOKCUMAIMK TAaOJIMYHBIX JAHHBIX C TIOMOIIBI0 HETIPEPBIBHOW (HyHK-
LU,

BriOupaemM cOOTBETCTBYIOIIYIO 3aBUCUMOCTh (DYHKIIMH OT apryMEeHTa!

y=F(x,a,b,...,c). (11.2)
HeusBecTHbhiMU apaMeTpaMu 3/1€Ch SIBISIOTCS &, b, ...,C.
[TpuBeneM GyHKIHIO HEBS30K:

2
n
®=>[y,—-—F(x.a,b,....c)] . (11.2)
i=1

s Toro uto6s1 Gpynknusa HeBs3ku (11.2) mocturia MUHIMAaIBHOTO 3HA-
YeHHs, HeoOXOIMMO MOTpeOOBaTh PaBEHCTBO HYJIO BCEX €€ YAaCTHBIX IMPOH3-

BO/JIHBIX IO BCEM HCU3BECTHBIM IapaMeTpaMm a., b, .oy C:
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2 _,
oa
® _,
ob
@ _,
oc

T.C.
n

Z[yi —F(x;,a,b,...,c)-F/(x,,a,b,....c)]=0

Z[yi —F(x,,a,b,...,c)-F/(x,a,b,....c)]=0

!

>[y, ~F(x,ab,....c)- F/(%,a,b,....c)|=0

i=1

€CIIM TIOJIyYEHHYI0 CHUCTEMY YPaBHEHHUH pEIIUTh OTHOCHUTEIBHO MHapa-
metpoB @,D,...,C, Hanpumep, MeTonom ["aycca, MBI HOTyYHM KOHKPETHBII
BHUJ] UCKOMOH QyHKIUM Y = F(x,a,b,...,C).

OueBHIHO, YTO U3MEHEHHE KOJIMYECTBA MapaMETPOB HE HCKaXaeT CyII-
HOCTH TO/IX0/1a, a JIMIIb CKA3bIBACTCs HAa KOJMMYECTBE YPABHEHUI B CUCTEME.

3HaueHus HaiineHHoW QyHkuunm Y = F (X, a,b,..., C) B TOYKax
Xgs X{y++y X, OyAyT OTIAMHUATBCA OT 3HAueHud Y,,Y,,...,Y,. 3HauyeHus
pasHocTel

y, —F(x,a,b,....c)=¢,, 1=14;
Ha3bIBAIOT OTKJIOHECHMSMH H3MEPEHHBIX 3HAYCHUH Y OT BBIYMCIEHHBIX IO

noxydeHHor Gopmyne. Takum 00pa3om, MOKHO HalTH BETMYHHY
n
o= zgi . (11.3)
i=1

Cpenu HECKOIBKUX Pa3IMYHBIX MPUOIIKEHIH OTHOM M TOH ke Tabmmd-
HOW (YHKIMH JIYYIINM CJIEXyeT CUHUTATh TO NPHOIMKECHHE, IISI KOTOPOTrO
BEIMYNHA O NPUHUMAeT HauMEHbIIee 3HAYCHHE.
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Tabnuna 3.1- BapuaHThl 3a1aHuii

3 BAPHAHTBI 3ATAHUAN
3.1 JleiicTBusA ¢ NPUOIUKEHHBIMH YHCIAMH

3. 1.1 B cooTBercTBHH ¢ BapuaHTOM 3amaHus (tabmuma 3.1) ompene-
JHUTH aOCONIOTHYIO ¥ OTHOCHTEIBHYIO ITOTPELIHOCTH BBIYMCICHHS 3HaYCHHH
GbyHKIME U, cauTasi Bce 3HAKH omepanaos &, b, ¢ u d BepusiMu. Beimonauts
pacuetsl, uctnonsdyst (opmynsr (1.12) u (1.5). Pesynprarel BRUHCICHUN
npencrasuth B Buae (1.4), (1.8), (1.10).

Bapuast 1 2 3 4 5
a+b a+b a
u P~ p ab+cd : (c+d)| (a+b)-(c+d)
a 0,2567 | 5,89762 45,267 0,2879 54,3
b 2,005 2,11 0,035 0,56 0,025
c 0,21 0,58967 3,2785 2,5876 3,7
d 3,289437 2,8 0,095 8,235 2,00765
Bapuast 6 7 8 9 10
a-b a-b a
u — = ab-cd | (c-d)| (a=b)-(c+d)
a 1,007852 4,216 1,2486 0,12862 85,12
b 0,873 2,98 1,02348 0,19 48,4
C 1,25763 0,45 0,4579 2,1486 0,5072
d 0,25 2,16 2,14 1,986 0,12
Bapuant 11 12 13 14 15
a-b ab a
u p— p— abc—d |~ (b—d)| (a—b)-(c—d)
a 5,37915 2,859 4219831 | 4,8526 5,25
b 2,35 1,25 0,85 2,672 5,1279354
C 2,137 5,976 1,089371 1,82 9,54
d 1,98643 3,2 0,52 1,6 1,897264
Bapuast 16 17 18 19 20
u a+b _ab abc+d |2 (b+d)| (a+b)-(c—d)
c—d c+d c
a 1,14 4,235 1,23 8,24935 85,21
b 3,852198 0,89 54,1867 2,57 0,53
c 2,1867 2,168 0,086 2,97624 2,156
d 1,97 0,21 1,82 3,21 2,1
Bapuast 21 22 23 24 25
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IIponomxkenne Tabmmier 3.1

u a-(b-c+d) a_: a(bre-d) aTbC a-(b+c+d)
c

a 2,13 1,193 9,985 0,2586 71

b 8,952 0,23 12,67 2,254 0,25

c 6,217624 5,56 1,23 9,86 1,006789

d 0,86 0,78 13,00957 0,277 0,038

Bapuanr 26 27 28 29 30

u a+b+c+d % a+b-c—d| abcd a-(b—c—d)
C

a 1,22513 21 12 2,1624 5,213

b 1,07 2,156 0,245 3,185 6,13842

c 6,24387912 4,24 3,29 0,085 2,114733

d 42 3,1 8,5213 5,24 3,254

3. 1. 2 CocraButs Tpad mporecca BeIYHCICHHUS QYHKIMH U. 3amucarth
BBIPXCHHUE IS TIPEICIIBHOM OIIEHKH OTHOCHUTEIBHON HOTPELTHOCTH JaHHOTO
BBIYHCIIUTEIBHOTO TIPOIIEcca ¢ YUeTOM MOTPENIHOCTeH OKpyrieHuid. Paccun-
TaTh OTHOCHUTENBHYIO (8, ) U aOCOMOTHYIO (A, ) HOTPEIIHOCTH, I0JIaras, 4yTo
MOTPEIHOCTH OKPYTJIEHHUS HE INPEBBILIAIOT 0,5-10°. PesynbTarel BhIUKCIHE-
HUH npenctaButs B Buze (1.4), (1.8), (1.10).

3.2 Ynyl{melme CXO0AUMOCTH YMCJ/IOBBIX pSA/10B
Breraucauts CYMMY YHCJIOBOI'O psAja, YIy4YIInUB €ro CXO0AUMOCTb

0 1 _5
S Ean, I P N R o (e=10%).  @21)
BeinonHuTh pacueTsl, puMeHsis peodpazoBanne Crupiutra - Kymme-
pa. JloBectu umciio cimaraeMbix N B Cymme mpeoOpa3oBaHHOIO psiia 10
Ne[10, 20].

Tabnuna 3.2 — BapuaHTs 3aganuit

N 1|2 |3 |4 |5|6]|7]|8]9]|10]|11|12|13|14)|15
ol /2212212212111 (11111 }|2]2
p/joj1jojojojojoj1j1rj1 11727171
wllj2)2 123|442 3|3 |4]4]2]4]4
viO |21 |1}3|1}1 (3|1 |1}2 1|3 |1]1]|3
p/0|0O|O0O|0O}]0O]O0O]O]0O]|]0O]0O]0]JO0O]0]|0]|O
q1 /1|11 }1 1111|111 ]1|1]|1
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[ponomkenne Tadnuis 3.2
Nd 16 |17 |18 |19 |20 |21 |22 |23 |24 | 25|26 |27 |28 | 29 | 30

IN NN TS

o T |I< e ™|
Rlo| k|l w|
Rlo| v wl k| w
R|lo|lw|l k|
Rkl ok ok
N =l
R[N R ko] -
[N =1
Rlw|lk| kol
(NI IE=1
W RN R -
N ES NI
ISR
RN =1
Wbk~ o| -

Vcnonp3yss MHTErpanbHBI NPU3HAK CXOTUMOCTH (2.5), OmeHHUTe CKO-
pocts cxomumocTH psna (3.2.1).

3. 3 Ipudan:keHHOE pelieHne HeTNHEHHBIX YpaBHEeHHIT
3.3.1 T'padudecku OTAETUTH ACHCTBUTEIBHBIC KOPHH YPaBHEHUS
x3 +ax? +bx+c=0. (3.3.1)
3uauenus ko3 duimenTos a, b u ¢ mans! B Tabmune 3.3.

Tabmmmna 3.3 — BapuanTs! 3aganuit

Ne 1 2 3 4 5 6 7 8 9 10
-2 -5 -1 0 -3 -2 -1 -7 3 6
-11 -4 7 -7 -10 -5 -10 7 -6 5
12 20 15 6 24 6 -8 15 -8 -12
11 12 13 14 15 16 17 18 19 20
3 -2 -3 0 4 -1 5 1 3 0
-10 | -19 4 -2 6 -4 8 3 7 1
-24 20 -2 -4 4 -6 6 -5 5 -10
21 22 23 23 25 26 27 28 29 30
4 -1 5 -3 -1 -4 0 -5 1 1
9 -1 11 4 0 6 -2 8 -4 3
10 -15 15 -2 2 -4 4 -6 6 -4

OUSDZOUSDZOUQJ

3. 3. 2 B cooTBeTCTBHHU ¢ BapHaHTOM 3ajaHus (Tabnuna 3.3) yTOYHHTH
3HAUYeHHE MHHUMAJIBHOIO MO a0COJIOTHOMY 3HAUSHHIO KOPHS YpaBHEHUS
(3.3.2), ucnonezys MJIIT u MHP, ¢ To4HOCTBIO & = 1074, Onpenenuts vuc-
JIO UTEepaIuil.

Pacuersl BBITIONHATE € 5-10 JECATUYHBIMH 3HaKaMH II0CJe 3aIsToi (co-
XpaHsis O/IMH 3aIlaCHOM JeCATHYHBIM 3HAK). B kauecTBe mpaBuiia ocTtaHoBa
BBIYMCIICHUI UCTONB30BaTh HepaBeHeTBa (3.12) mwim (3.13) u (3.17). Hapu-
coBaTh OJIOK — cXeMy ainroputMa perueHus 3axaan MJIIT u MHP.
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3.4 Pemenue cucteM JUHEHHBIX ypaBHeHUI
3.4.1 Pemmts MeTonoM uckiroueHus ["aycca ciucreMy ypaBHeHHI

AX=Db, (3.4.1)
830 262+a 410 1,90 -10,65+ 8
392 845 7,78-a 2,46| - 12,21
rne A= , b=
377 721+a 804 2,28 1545- 8
2,21 365-a 169 6,99 -8,35

Pacuetsr Bectr ¢ 8 3HaKaMu mociie 3amAToi. 3Ha4eHU KO3 QUIIIEHTOB
o n [ navsl B Tabmmne 3.4.1.

Ta6muua 3.4.1 — BapuanTsl 3ananuii

No 1 | 2 | 3 | 4 | 5 | 6
o 0,0

B 0,0 0,2 0,4 0,6 0,8 1,0
Ne 7 8 9 10 11 12
a 0,2

B 0,0 0,2 0,4 0,6 0,8 1,0
Ne 13 14 15 16 17 18
o 0,4

B 0,0 0,2 0,4 0,6 0,8 1,0
Ne 19 20 21 22 23 24
o 0,6

B 0,0 0,2 0,4 0,6 0,8 1,0
Ne 25 26 27 28 29 30
o 0,8

B 00 | 02 | o4 | o6 | 08 | 10

3. 4. 2 Pemute Meromamu Xouerkoro u I'aycca-Kopaana cucremy
ypaBuenuii (3.4.1). Pacuetst Bectu ¢ 8 3Hakamu nociie 3amnsToit. Haiitu 3ua-
YeHHE ONPEACITUTENS CHCTEMBL.

3. 4.3 Pemmuts cuctemy AX =D MeTo10M KBafpaTHBIX KODHEH, TIe

[518+a 112 0,95 132 083 6,19
112 428-a 212 057 0091 321
A=| 095 212 613+a 129 157 | b=[428-p].
1,32 0,57 129 457-a 125 6,25
| 083 0,91 1,57 125 52l+a | 1495+ 3 |
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BrrancineHus BeCTH ¢ MATHIO 3HAKaMH MOCIIE 3amAToi. 3Ha4eHUs KO3 Qun-
€HTOB « W [ maHsl B Tabmure 3.4.2.

Tabnmmna 3.4.2 — BapuanaTs! 3agannit

Ne 1 | 2 | 3 | 4 | 5 | 6
o 0,00

B 0,00 0,35 0,70 1,05 1,40 1,75
Ne 7 8 9 10 11 12
o 0,25

B 0,00 0,35 0,70 1,05 1,40 1,75
Ne 13 14 15 16 17 18
o 0,50

B 0,00 0,35 0,70 1,05 1,40 1,75
Ne 19 20 21 22 23 24
o 0,75

B 0,00 0,35 0,70 1,05 1,40 1,75
Ne 25 26 27 28 29 30
o 1,00

B 000 [ 03 | 070 | 105 | 140 | 175

3. 4.4 Pemmwmts cucreMy ypaBHEHUI METOJaMH IMPOCTHIX HTepaluii 1
3eliiens ¢ TOYHOCTBIO € = 10, OnpenenuTts YUCI0 UTEPALU.

7x+0,09y-0,03z =P,

0,09x+ 4y - 015z=Q, (3.4.2)

0,04x-0,08y+ 6z =R
Tabmmma 3.4.3 — BapuanTs! 3ajanuit
Nag 1 2 3 4 5 6 7 8 9 10
P|50 51 5,2 53 54 55 5,6 57 58 5,9
Q| 7,0 71 7,2 7,3 7,4 7,5 7,6 7,7 7,8 7,9
R|17,0 16,9 |16,8 |16,7 16,6 |16,5 |16,4 [16,3 |16,2 |16,1
Ng 11 12 13 14 15 16 17 18 19 20
P| 6,0 6,1 6,2 6,3 6,4 6,5 6,6 6,7 6,8 6,9
Q| 8,0 8,1 8,2 8,3 8,4 8,5 8,6 8,7 8,8 8,9
R|16,0 |159 |158 |15,7 |156 |155 |154 |153 |152 (151
Ng 21 22 23 24 25 26 27 28 29 30
P| 7,0 71 7,2 7,3 7,4 7,5 7,6 7,7 7,8 7,9
Q| 9,0 9,1 9,2 9,3 9,4 9,5 9,6 9,7 9,8 9,9
R{15,0 (149 |14,8 |14,7 [146 |145 |144 |143 [142 |141
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3.5 HutepnonupoBanue pyHKUMit
3. 5. 1 B cooTBeTCTBHH C BapHaHTOM 3aaanus (Tabnuma 3.5) mocTpouTts
€CTCCTBCHHBIH KyOMUYECKHI CIUIAfH IO 3HAUCHUAM OyHKIMH Y; = f (Xi )
Paccuurate 3nauenue f (a), UCIIOJNIb3Ysl MHTEPIOJIINI0 KyOUYeCKUMHU

cIuTaifHaMu. PacdeThl BecTH ¢ 6-10 3HaAKaMU TOCJIE 3arsITOM.

3.5.2. B cooTBeTcTBHH ¢ BapuaHTOM 3amaHus (Tabmumia 3.5) 3ammcarth
WHTEPIOJSIINOHHEIA monuHOM Jlarpamka 10 3HAa4eHHAM  (QYHKIUH
y;=f (xi ) Paccunrate 3HauyeHue f (F,) WCTIONB3Ysl MHTEPIIOSAIIUOHHYIO
dhopmyny Jlarparxka. Pacuersl BecTr ¢ 6-10 3HAKaMH MOCIIE 3aIMATOM.

Ta6muua 3.5 - BapuanTs! 3ananunit

3HaueHus X;; Y,
Nely=Ff(x)] % X X, Xg | X, X5 g
Yo Y1 Y2 Y3 Ya Ys
1 sinx 0 0,1 0,2 0,3 0,4 0,5 0,27
0 0,0998 |0,1987 | 0,2955 |0,3894 |0,4794
2 sinx 0,2 0,3 0,4 0,5 0,6 0,7 0.54
0,1987 | 0,2955(0,3894 [0,4794 |0,5646 | 0,6442 |
3 | sinx 0,3 0,45 0,6 0,75 0,9 1,05 0,52
0,2955 10,4350 |0,5646 | 0,6816 | 0,7833 |0,8674
4 |1+sinx 0 04 0,8 12 1,6 2,0 135
1 1,3894 |1,7174 | 1,9320 |1,9996 |1,9093
5 14sinx 0 0,2 0,4 0,6 0,8 1,0 0,31
1 1,1987 [1,3894 | 1,5646 | 1,7174 |1,8415
6 [1+sinx 0,1 0,4 0,7 1,0 1,3 1,6 125
1,0998 |1,3894 |1,6442 | 1,8415[1,9636 |1,9996
7 00S X 0 0,2 0,4 0,6 0,8 1,0 0,72
1 0,9801 |0,9211 | 0,8253 | 0,6967 | 0,5403
8 COS X 0 0,1 0,2 0,3 0,4 0,5 0,16
1 0,9950 |0,9801 | 0,9553 |0,9211 | 0,8776
o | cosx 0 04 [ 08 | 12 |16 [20 |
1 0,9211 |0,6967 | 0,3624 |-0,0292 |-0,4161
10 | 1-cosx 0 0,1 0,2 0,3 0,4 0,5 0,27
0 0,0050 |0,0199 |0,0447 | 0,0789 | 0,1224
1 1—cos x 0,3 0,5 0,7 09 1,1 13 11
0,0447 | 0,1224 | 0,2352 | 0,3784 | 0,5464 | 0,7325
12 1—cos X 0 0,3 0,6 09 1,2 15 0,45
0 0,0447 |0,1747 | 0,3784 |0,6376 |0,9293
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[ponomxenne Tadmus 3.5

1 Inx 1 1,25 15 1,75 2,0 2,25 L3
0 0,2231 | 0,4055 | 0,5596 | 0,6931 | 0,8109 |
1 Inx 15 1,7 1,9 2.1 2.3 2,5 18
0,4055 |0,5306 | 0,6419 | 0,7419 | 0,8329 | 0,9163 |
1 15 2,0 25 3,0 35
15 Inx 2,35
0 0,4055 | 0,6931 | 0,9163 | 1,0086 | 1,2528
16 | 14Inx 1 15 2,0 25 3,0 35 174
1 1,4055 | 1,6931 | 1,9163 | 2,0986 | 2,2528 |
17 | 1+Inx 1,5 1,7 1,9 2,1 2,3 2,5 215
1,4055 |1,5306 | 1,6419 | 1,7419 | 1,8329 | 1,9163
18 | 1+Inx 2,0 30 4,0 5,0 6,0 7,0 375
1,6931 | 2,0986 | 2,3863 | 2,6094 |2,7918 | 2,9459
0 0,1 0,2 0,3 04 0,5
« , , , , ,
19 e 1 1,1052 | 1,2214 | 1,3499 | 1,4918 | 1,6487 0,16
0,5 0,7 0,9 11 1,3 15
« , , , , , ,
20 € 1,6487 |2,0138 | 2,4596 | 3,0042 | 3,6693 | 4,4817 115
0 0,5 1,0 15 2,0 25
« , , , , ,
21 € 1 1,6487 | 2,7183 | 4,4817 | 7,3891 (12,1825 135
0,5 0,7 0,9 11 1,3 15
« , , , , , ,
22| 2-e 0,3513 [-0,0138 | -0,4596 | -1,0042 | -1,6693 | -2,4817 0.75
0,8 0,9 1,0 11 1,2 1,3
« , , , , , ,
2] 2-e -0,2255 | -0,4596| -0,7183| -1,0042 | -1,3201 |-1,6693 115
0 0,5 1,0 15 2,0 25
« , , , , ,
241 2-e 1 0,3513 |-0,7183 | -2,4817 |5,3891 |-10,1825 0.8
0 01 0,2 0,3 04 0,5
t X ) ) ) il i
25 g 0 0,1003 | 0,2027 | 0,3093 | 0,4228 | 0,5463 0,25
0,5 0,6 0,7 0,8 0,9 1,0
t X 1 1 ) 3 3 )
26 g 0,5463 | 0,6841 | 0,8423 | 1,0296 | 1,2602 | 1,5574 0,76
”7 tg X 1,0 1,05 11 1,15 | 1,2 1,25 1,07
1,5574 | 1,7433 | 1,9648 | 2,2345 | 2,5722 | 3,0096
0 01 0,2 0,3 04 0,5
3—t X ) ’ ’ ’ ’
28 g 3 28997 |2,7973 |2,6907 | 2,5772 | 2,4537 0,23
0,2 04 0,6 0,8 1,0 1.2
3—t X ' ' ' ' ’ ’
29 g 2,7973 | 2,5772 | 2,3159 | 1,9704 | 1,4426 |0,4278 0,48
0 0,3 0,6 0,9 1,2 15
3—t X ' ' ' ’ ’
30 g 3 2,6007 | 2,3159 | 1,7398 |0,4278 |-11,1014 0,75
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3. 5. 3 Ilo nannbeM Tabmumel 3.5, 3aMUcaTh HHTEPIOIAIHOHHEIE (HOpMYy-
nbl Jlarpanka Uil CIy4aeB KyCOYHO-JIMHEHHOM M KyCOYHO-KBAaApAaTUYHOU
uHTeprnoAnuy. Paccunrars 3Hauenus f (é) Pacuers! BecTH ¢ 6-10 3HaKaMu
IIOCJIE 3aIATON.

3. 5. 4 Ouenutp norpemHocTs pacueToB 1o 1.1.3.5.1-3.5.3, ncrnons3ys
AHAIMTHYECKUE BBIpaXKeHUs] GyHkuui Y= f (x ), NPUBEJICHHBIE B TaOnuIe
3.5.

3. 5.5 Cpasuuts pe3ynbraTsl pacueros o m.1.3.5.1 - 3.5.4, cunras, ato
& W3BeCTHO TOYHO. B KkauecTBe TOuHOTO 3HaueHus GyHkumu Y= f (&)

NIpUBEICHHOMN B Tabmiwmie 3.5, MpUHATH ee 3HAaYeHUE, BEIYUCICHHOE C IECATHIO
3HAKAMH II0CJIE 3aIISTOM.

3. 6 Uncsennoe nuddepeHnnpoBanue GpyHKImit

3.6.1 B coorBercTBHHU C BapHaHTOM 3aaaHus (Tabnuna 3.6) BEIYUCIUTD
npou3BoaHy0 QyHKIMK Y= f (X) B [EHTPAJILHOM Y3IIe TIo dopmyne (6.11)
(n=2). PacueTsl BHIMONHSITH C 6-10 3HAKAMH MTOCJIE 3aMSATOM.

3. 6.2 B coorBeTcTBHHU C BapuaHTOM 3aaaHus (Tabnuna 3.6) BRIYUCIUTD
npousBoaHyto pyakuuu Y= f (X) B IICHTPAJBHOM y3i1e o Gopmyie (6.12)
(n=4). PacueTsl BHIMONHSITH C 6-10 3HAKAMH MTOCJIE 3aMSATOM.

3. 6. 3 CpaBuuth pesynbraThl pacueros mo m.m.3.6.1 u 3.6.2. B kaue-
CTBE TOYHOTO 3HAYEHHUS MPOU3BOIHON (yHKimu Y= f (X) B IIEHTPAJIBHOM
y3uie (Tabnuia 3.6) IpUHATH €€ 3HAYCHHE, BBIYUCICHHOE C JIECATHIO 3HAKAMHU
OCJIE 3aIsTOH.

Tabauna 3.6 - Bapuants! 3aganuii

3HaveHHA X;; Y;
Ne|y=f (X) Xi_2 X1 X Xit1 Xiy2
Yi-2 Yi1 Yi Yit1 Yit2
1 sinx 0 0,1 0,2 0,3 0,4
0 0,0998 0,1987 0,2955 0,3894
9 sinx 0,2 0,3 0,4 0,5 0,6
0,1987 0,2955 0,3894 0,4794 0,5646
3 sinx 0,3 0,45 0,6 0,75 0,9
0,2955 0,4350 0,5646 0,6816 0,7833
4 |14sinx 0 0,4 0,8 1,2 1,6
1 1,3894 1,7174 1,9320 1,9996
. 0 0,2 0,4 0,6 0,8
5 |L+sinx 1 1,1987 1,3894 1,5646 1,7174
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[ponomkenne Tadnuis 3.6

6 |14sinx 0,1 0,4 0,7 1,0 13
1,0998 1,3894 1,6442 1,8415 1,9636
; 0S X 0 0,2 0,4 0,6 0,8
1 0,9801 0,9211 0,8253 0,6967
8 OS X 0 0,1 0,2 0,3 0,4
1 0,9950 0,9801 0,9553 0,9211
9 0S X 0 0,4 0,8 1,2 16
1 0,9211 0,6967 0,3624 -0,0292
10 | 1-cosx 0 0,1 0,2 0,3 0,4
0 0,0050 0,0199 0,0447 0,0789
11 | 1-cosx 0,3 0,5 0,7 0,9 11
0,0447 0,1224 | 10,2352 0,3784 0,5464
12 | 1-cosx 0 0,3 0,6 0,9 1,2
0 0,0447 0,1747 0,3784 | 0,6376
13 Inx 1 1,25 1,5 1,75 2,0
0 0,2231 0,4055 | 0,5596 0,6931
14 Inx 15 1,7 1,9 2,1 2,3
0,4055 0,5306 0,6419 0,7419 0,8329
" Inx 1 15 2,0 2,5 3,0
0 0,4055 0,6931 0,9163 1,0986
6 | 1+Inx 1 15 2,0 2,5 3,0
1 1,4055 1,6931 1,9163 2,0986
17 | 14Inx 1,5 1,7 1,9 2.1 2,3
1,4055 1,5306 1,6419 1,7419 1,8329
18 | 1+Inx 2,0 3,0 4,0 5,0 6,0
1,6931 2,0986 2,3863 2,6094 | 2,7918
19 < 0 0,1 0,2 0,3 0,4
€ 1 1,1052 1,2214 1,3499 1,4918
20 o 0,5 0,7 0,9 1,1 13
1,6487 2,0138 2,4596 3,0042 3,6693
’1 o 0 0,5 1,0 1,5 2,0
1 1,6487 2,7183 4,4817 7,3891
AR 0,5 0,7 0,9 11 1,3
0,3513 -0,0138 -0,4596 -1,0042 -1,6693
’3 < 0,8 0,9 1,0 1,1 12
2-¢e -0,2255 | -0,4596 -0,7183 -1,0042 -1,3201
N 0 0,5 1,0 15 2,0
1 0,3513 -0,7183 -2,4817 | -5,3891
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25 tg x 0 0,1 0,2 0,3 0,4
0 0,1003 0,2027 0,3093 0,4228
26 tg x 0,5 0,6 0,7 0,8 0,9
0,5463 0,6841 0,8423 1,0296 1,2602
27 tg x 1,0 1,05 11 1,15 1,2
1,5574 1,7433 1,9648 2,2345 2,5722
28 | 3-tgx 0 0,1 0,2 0,3 0,4
3 2,8997 2,7973 2,6907 2,5772
20 | 3-tgx 0,2 0,4 0,6 0,8 1,0
2,7973 2,5772 2,3159 1,9704 1,4426
30 | 3-tgx 0 0,3 0,6 0,9 1,2
3 2,6907 2,3159 1,7398 0,4278

3.7 YncjaeHHOe HHTerpHpPOBaHUEe (PYHKIMH

3. 7.1 B coorBeTcTBUU ¢ BapuaHTOM 3amaHus (Tabmmma 3.7) mo 3amaH-
HBIM 3HA4YCHMSIM HOJBIHTErpaNbHON GyHKIMH Y; = f (Xi ) paccuuTaTth 3Ha-
X4
YCHUE OIPEISICHHOTO MHTErpaa, j y d X, wucnons3yst oouryo GpopMyity
Xo
tpanenuii (7.11). Ilo dopmyne (7.12) paccuuTarh 3HAYCHHE OCTATOYHOI'O
YJieHa OMpPEEICHHOTO MHTerpaia. PacyeTsl BeCTH ¢ 6-10 3HAKaMH TOCIIE 3a-

TSITOM.

3. 7.2 B cOOTBETCTBUU C BapuaHTOM 3aianus (Tabiuua 3.7) mo 3amaaH-
HBIM 3HAYCHHMSAM MOIBIHTErpaibHOW (QyHKIMHU Y, = f (Xi ) paccuuTaTth 3Ha-
X4
YeHHE OIPECICHHOr0 HHTErpasa, j y d X, ucronp3ys o6y GpopMyiy
Xo
Cumncona (7.13). Ilo ¢opmyne (7.14) paccuuTarh 3Ha4EHHE OCTATOYHOTO
YJieHa OMpPEEICHHOT0 HHTerpaia. PacyeTsl BeCTH ¢ 6-10 3HAKaMM TOCIIE 3a-

ITOHU.

Tabnuna 3.7 - BapuaHTs! 3a7aHuit

3nauenus X;; Y;
Nely=Ff(x)] X X Xp X3 X,
Yo Y1 Y2 Y3 Ya
1 sinx 0 0,1 0,2 0,3 0,4
0 0,0998 0,1987 0,2955 0,3894
9 sinx 0,2 0,3 0,4 0,5 0,6
0,1987 0,2955 0,3894 0,4794 0,5646
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[ponomkenne Tadnuis 3.7

3 | sinx 0,3 0,45 0,6 0,75 0,9
0,2955 0,4350 0,5646 0,6816 0,7833
4 |1+sinx 0 0,4 0,8 1,2 1,6
1 1,3894 1,7174 1,9320 | 1,9996
. 0 0,2 0,4 0,6 0,8
1+sinx ! . : !
> 1 1,1987 1,3894 1,5646 1,7174
6 11+sinx 0,1 0,4 0,7 1,0 1,3
1,0998 1,3894 1,6442 1,8415 1,9636
21 cosx 0 0,2 0,4 0,6 0,8
1 0,9801 0,9211 0,8253 0,6967
8 COS X 0 0,1 0,2 0,3 0,4
1 0,9950 0,9801 0,9553 0,9211
9 | cosx 0 04 08 12 16
1 0,9211 0,6967 0,3624 -0,0292
10 1—cos x 0 0,1 0,2 0,3 0,4
0 0,0050 0,0199 0,0447 0,0789
1 1—cos X 0,3 0,5 0,7 0,9 1,1
0,0447 0,1224 | 0,2352 0,3784 0,5464
12 1—00s X 0 0,3 0,6 0,9 1,2
0 0,0447 0,1747 0,3784 0,6376
1 1,25 1,5 1,75 2,0
13 Inx
0 0,2231 0,4055 0,5596 0,6931
1 Inx 1,5 1,7 1,9 2,1 2,3
0,4055 0,5306 0,6419 0,7419 0,8329
1 1,5 2,0 2,5 3,0
15 Inx
0 0,4055 0,6931 0,9163 1,0986
1 15 2,0 2,5 3,0
16 | 1+Inx
1 1,4055 1,6931 1,9163 2,0986
17 | 141nx 1,5 1,7 1,9 2,1 2,3
1,4055 1,5306 1,6419 1,7419 1,8329
18 1+1Inx 2,0 3,0 4.0 5,0 6,0
1,6931 2,0086 2,3863 2,6094 | 2,7918
19 X 0 0,1 0,2 0,3 0,4
€ 1 1,1052 1,2214 1,3499 1,4918
20 R} 0,5 0,7 0,9 1,1 1,3
€ 1,6487 2,0138 2,4596 3,0042 3,6693
o1 . 0 0,5 1,0 1,5 2,0
e 1 1,6487 2,7183 4,4817 7,3891
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05 07 0.9 11 13
22| 2-¢*
03513 | 00138 | -04596 | -1,0042 11,6693
0.8 0.9 1.0 11 12
23| 2-¢*
02255 | -04596 | -07183 | -1,0042 113201
9y ) 0 05 1.0 15 2.0
2-¢ 1 03513 | 07183 | -24817 | 53891
5| tgx 0 01 02 03 0.4
0 01003 | 02027 0,3093 04228
| tox 05 06 0.7 08 0.9
05463 | 06841 0,8423 10296 | 1,2602
7| tx 1.0 1,05 11 115 12
15574 | 17433 | 1.9648 2.2345 25722
2% | 3t 0 01 0.2 03 0.4
3 28997 | 27973 | 2,6907 25772
2 | 3-tgx 0.2 0.4 0.6 08 1.0
27973 | 25772 | 23159 1,9704 1,4426
0| 3-tgx 0 03 0.6 0.9 12
3 26907 | 2,3159 17398 | 04278

3. 7. 3 Bpmonuuth pacuersl 1.3.7.1 1m0 3HaYEHHSIM HOABIHTETPAILHON
(GyHKIMY B y371axX Xg, Xy, X

3. 7. 4 BpmonHUTh pacyeTs 1.3.7.2 1Mo 3HAYCHHUSM MOJBIHTETPaTbHON
(GyHKIMY B y371axX Xg, Xp, X

3. 7.5 Jlns 3amaHHON MOABIHTETPAaIbHON (QYHKIMH 3alHCaTh €€ IePBO-
00pa3nyro. CpaBHUTH pe3yabTaThl pacyeToB 1o 1.11.3.7.1 — 3.7.4, cautas, 4to
TOYHBIM 3HAUEHHWEM OIPENEJICHHOTO WHTEerpaja Uil (YHKIHMN y:f(x),

MpUBEJCHHONW B Tabmume 3.7, sSBIsSeTCd ero 3HadyeHHe, BBIYHCICHHOE HEro-
CPEICTBEHHO C JECATHIO 3HAKAMU I10CJIE 3aIATOM.

3. 8 YucenHoe pemeHne 00bIKHOBEeHHBIX T} (epeHInaIbLHbIX
YpaBHeHMUit

3. 8.1 Hcnonesys meron Jitniepa U ero MoAU(UKAINU PELINTH CIIETyT0-
mue guddepeHranbHble ypaBHEHHUs C 3aJaHHBIMM HayaJbHBIMU YCJIOBUSIMH

Ha OTpe3Ke [a, b] [IPY 3HAYCHUSIX apaMeTPoB U3 TaOIHUIH 3.8.
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Tabnmma 3.8.1 - BapuaHTtsl 3anaHmii

N Hudod. ypaBaeHue Hau. ycnoBusl a b h
1 y':y+(]_+x).y2 y(1)=—10, a=1.0, b:15 h:O].,
. y’:%, y(0)=1.0,| a=00| b=1.0, h=0.1;
2.,2
g3 y=82XY | y®=20| a=10, b=15 h=005
—X
4 y = y(0)=e, | a=0.0,] b=0.5| h=0.05
V1+ X2
5 r_1-sin2x y(0)=0.0,| a=00, b=1.0 h=0.1
COS X
1
§ y=Y,345 | ym=00| a=10|b=20 h=01
2x 2
3
1 y="2_ | y@=10| a=20,|b=25 h=005
1-x°y
2
g y=YINX=¥ | yo)-10| a=10| b=20 h=0.;
X
’ 1 y 2 .
9 ¥'=— -2 -025y% y1)=20,| a=10,|b=20 h=0.1
X
1 Yy =y+x2, y(0)=1.0,/ a=0.0, b=05/ h=05
11 y' =xy®—x?, y(4)=0.7,) a=40,| b=50 h=0.1
17 y@:ﬂ4X24{l_3y2’ y(-1)=0.2) a=-1.0, b=1.0, h=0.2;
1] y'=cos(1.5x—y?*)-3.2, y(2.6)=1.8, a=26, b=4.6, h=0.2;
14 y' =x*+xy+Yy?, y(2.0)=12, a=2.0, b=3.0, h=0.1;
11 y’:e‘(y2+1)+2x’ y(0.0)=0.3 a=0.0,, b=0.5 h=0.05
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3. 8. 2 Meronom Pynre-KyrThl HaiiTn Ha oTpeske [a, b] pelleHne cieny-

fomux AndQepeHNaIbHbIX yPaBHEHUH C 331aHHBIMU HAYalbHBIMH yCIIOBH-

SAMU U 3HAUYCHUAMHU NTapaMETPOB:

Tabnmna 3.8.2 - BapuanTsr 3aganuit

Ne Jud¢. ypaBaeHue Hau. ycnoBus a b h
y’=ﬂ+x, y(1) =00, | a=1.0; b=2.0, h=0.1;
X
y=—2_ y(0)=20, | a=0.0] b=0.5 h=0.05
1+ X
Yy =y+(@1+X)y?, y(2.0)=1.2,| a=2.0l b=3.0, h=0.1
2 2
y = IINXHY y(1)=0.0, | a=10/ b=25 h=0.1
X
y'=—-ycosx+cosx-sinx, y(0.0)=-1.0, a=0.0f b=2.0, h=0.2;
2.,2
y = XY =@x+Dy+1l vy —00, | a=1.0/ b=25 h=0.1
X
L 1+e’
T ox X ' y(0) =10, | a=0.0 b=25 h=0.1
e’ (=-1)
y
y' ==Y finxy?, y()=-2.0,| a=1.0| b=2.5 h=0.L
X
’ 2 y 1 .
y'=y +;+7, y(1) =00, | a=1.0] b=25 h=0.1
10 y =+ y(0)=0.0, | a=0.0| b=15| h=0.1
2x° -1
1
11 y' y(0)=0.0, | a=0.0] b=2.0, h=0.2;
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[ponomxenne Tabnuis 3.8.2

2_05

12 y'=—x2y? 422 | y(0)=0.0, | a=0.0] b=1.0, h=0.1:

V=Y s YO
13 y' =47x-y*+1.8, y(0.6)=3.4, a=0.6| b=2.6, h=0.2;

14 "= +2V, 1.5)=2.1 =1. =20 h=0.
Y y(1.5) a=15| b=2.0, h=0.05
1

15 "= X4 —==C0SY, 21)=25, a=21 b=3.1 h=0.1.

y N y y(2.1)

3. 8.3 Peummth ypaBuenue y’=f(X,y) Ha untepBane [Xo,X*] ¢ Hauab-
HBIM ycroBueM  Y(Xo)=Yo

a) MeTo0M Jiiepa

0) metogom Pynre-KyTThI

Tabnmna 3.8.3 - BapuanTsr 3amanuit

Ne | udd. ypaBHeHUe WurepBan | Hau. ycmoBusi h

18] v x2.4y [0;0,2] yo =1.0 h=0.
17 y’:2x2 Y [0;0,2] yo =10 h=0.1
19| y=2xty [0;0,2] yo =1.0 h=0.1
20| y’=x+2y [0;0,2] yo =1.0 h=0.1
21| y’=xy [1;1,2] yo =0 h=0.1
22| y’=x-2y [1;1,2] yo =0 h=0.1
23 | y’=2(xty) [1;1,2] yo =0 h=0.1
24 | y’=2x-3y [1;1,2] yo =0 h=0.1
25| y’=2x+3y [0;0,2] yo =1.0 h=0.1
26 | y’=x+3y [0;0,2] yo =1.0 h=0.1
27 | y'=4x+y [0;0,2] yo =1.0 h=0.1
28 | y’=3x-y [0;0,2] yo =1.0 h=0.1
29| y’=4x-y [0;0,2] yo =1.0 h=0.1
30




3.9 OgnomepHasi ONTUMU3ALUS
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Metonom CBeHHa HaWTH OTPE30K, COJCpPXKALIMM TOUYKY SKCTpeMyMa
yauMoaibHoN ¢yukimu f(X). BRIUHCINTE TOUKY 3KCTpeMyMma yKa3aHHBIM
METOJIOM.

Tabnmna 3.9 - BapuanTs! 3agannit

e Bup sxctpe-
B';lap- O yHKIUA Myma Merton €
1 f(x)=x"+1 min
2 f(x)=3x —x*-1 max
3 f(x)=2x-x*-1 max Xopa £=0,05
4 f(x)=2x"+3 min
5 f(X)=x"+x+1 min
6 f(x)= 10x*+7x+1 min
7 f(x)=15x-2x*+5 max HioToma-
8 f(x)= 3+7x-2x" max Padhcoria £=0,01
9 f(x)=4-3x" max
10 f(X)=5-4x-X" max
11 f(X)=4-5x+x2 min
12 f(x)=2x2-1 min Cpenneit To4- ~005
13 f(X)= 4-2x-x2 max K &Y,
14 f(x)=2-x2 max
Inx
15 — max
f(x)= VX

x>-1

16 f(x)= x*+1 min
min Huxoromu-
17 f(X)=In(x’+1) YECKOTO MOHC- €=0,2
—2 Ka

18 f(x)=x"+2 min

.y
19 f(x)=x"-3x+1 min

—2
20 f(X)=x"+x+2 min
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[ponomkenne Tadnuirs: 3.9

—Q_y_v?2
21 f(X)=3-x-x max
1-x°
22 fX)= 1+x° max
—ny2
23 f(x)=2x"-7x-3 min
3onoToro ce-
€=0,2
f YCHUS
24 vE—Inx min
)= VX
2 Ay
25 f(X)=x"+4x-5 min
3.10 MHoromMepHasi ONTHMHU3ALAS
Haiit Touky sKcTpeMyMa QyHKIIH.
Tabmuna 3.10 — BapuanTsl 3a1aHuit
Ne
Bap- DOyHKIUSA Hauanbnbie IIpumeuanus
TE YCIOBUSA
1 | f(X)=2y+xy+y*+2x+y+1 %o=0; Yo=-1;
a =05 MHuH, M- HAUCKO-
2 f(x)=y+2y*-4x-4y Xo=0; yo=0 peifmrero crycka
3 f(x)=y+10y*-4x-4y Xo=0; ¥4=0
4 (x-3y)° +(y+1)° X0=0; Yo=8 £=0,15
5 | (x+y)+(y+4) Xo=9 ; Yo= 5 £=0,3
6 | f(x)=x*-4yy+y+4y*-6x+2 X0=0; Yo=0 Mun, m-1 Heroto-
. Ha,
7 f(x)=y+10(y-sin x)* Xo=1; yo=1 =02 £=01
8 (x—4y)* + (y + 5)° Xo=10 ;y,=-5 £=0,15
9 (X + 5y)” + (y - 1)° Xo=8; Yo=10 £=0,35
10 (x - 3y)2 +(y- 2)2 Xo=4; ¥o=10 £=0,25
MuH, M-I compsi-
11 f(x)=y+2y*-4x-4y Xo=0; Yo=0 JKEHHBIX TPaJIieH-
TOB
12 (x+y)*+ (y + 2)° Xo=6; yo=-1 £=0,18
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13 (x + 3y)° + (y + 5)° Xo =10; yo=10 £=0,35
14 X+ 9y)° + (y - 1)° Xo=-6: Yo=5 £=0,25
15 ((x - 23)//))2 + ((;/ - 9))2 x00:15; 3;0:12 £=0,15
2 2 — . — —_

16 (x+y) +(y+6) Xo=10; y,=8 €=0,18
17 (x+y) +(y-1) Xo=5; Yo=6 £=0,15
18 (X - 2y)* + (y - 3)° Xo=7; Yo=6 £=0,25
19 (X +2y)° + (y - 4)° Xo=-4; Yo=7 £=0,3

20 (X + 2y)* + (y - 3)° Xo=0; yo=10 £=0,18
21 (x - 2y)2 +(y - 3)2 Xo=-7; Yo=-T; £=0,2

3.11 MeToapI 06padoTKH YIKCIIEPUMEHTATBHBIX JAHHBIX

Ilo panHoif Tabnuue 3HaueHud XM Y HaliTM METOIOM HaUMEHBIIUX

KBaJIpaTOB /IBE Pa3JIMUHbIC HIMIHUPUUECKHE (POPMYIBI U CPaBHUTH KAIECTBO
MOJYYEHHBIX NPHOIMKECHUI]:

1

2)

3)

4)

5)

X -3 -2 -1 0 2 | 3
y | 26 | 03| -2 | 23 | -15 | 07 | 32
X | 0 2 4 6 10

y | 5 -1 | 05 | 15 8.5

X 1 2 3 4 6

y | 114 | 278 | 407 | 491 | 541 | 552

X -3 -2 -1 0 2 | 3
y | 071 | 001 | 051 | 082 | 088 | 0.81 | 049
X | 4| 3|-2]-11] 0| 2 | 3 | 4
y| 6] 3| 1]o0o3]-01]-02]0 ] 02]1
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6)

7)

8)

9)

10)

11)

12)

13)

X | -3 -1 0 1 2

y | 14 | -43 | 52 | 41 | -11 | 42

X 7 9 10 11 12 | 13

y | 31 | 49 | 53 | 58 | 61 | 67 | 59

X | 2 | | 6 8 | 10 | 12

y | 45 [ 71 | 82 | 73 | 90 | 62

X | 030 ] 091 | 1.50 | 2.00 | 2.20 | 2.62 | 3.72 | 5.11

y| 6 [ 3 | 1 |03 ]-01]-02] 0 |02

X | 00 ] 01| 02] 03] 04| 05] 06 07

y | 302 [ 281 | 257 | 239 | 515 | 7.23 | 7.00 | 8.00

X | o | 7 | 12 | 17 | 22 | 27 | 32 | 37

Yy | 100 | 87.2 | 729 | 632 | 54.7 | 475 | 414 | 363

X | 00]05]|10[15]|20[25]|30][35]|40]45

y |167|132|110[081]048[018] - [ - [ - | -
1.10 | 0.46 | 0.81 | 0.15

X| 0] 4 |10]15 |21 |2 |3 ] 3 |51]68

y | 66.7|71.0|86.0|98.9 784|657 |51.3]44.0] 436 | 29.6




14)

15)
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4 COJAEPXKAHUE U O®OPMJIEHUE MOSICHUTEJIbHOM 3A-

IINCKHA

3aKII0YNTEIIFHBIM 3TAIlOM BBIIIOJTHCHUS pa60TLI SIBJIAOTCA Oq)OpMJ'IeHI/Ie

MOSICHUTENIbHOM 3aMuCKH, rpadMyeckoro mMarepuaia M 3allura CTYASHTOM
KypcoBO# paboThI B COOTBETCTBUHU C YTBEP)KICHHBIM WHAMBHUIYATbHBIM 3a-

JaHUCM.

4.1 CTpyKTypa NOSICHUTEJbHOI 3allMCKHU

[losicauTenpHas 3amucKa K KYpCOBOMY IIPOCKTY BBIMOJHACTCA Ha CTaH-

JApTHBIX JcTax GopmaTta A4 ¢ OZHOW CTOPOHBI JIMCTA U JA0JDKHA UMETD Clle-

AYIOLYIOo CTPYKTYpPY:
1 TUTYIBHBIN JUCT
2 WHauBuayanbHOE 338 JaHHe Ha BHINONIHEHUE PAOOThI
3 Conepxanne
4 Beenenne
5 [TocraHOBKa 3a1a4u
6
7
8 CozepxatenpHas 4acTh pabOThl O OTACIBHBIM pasje-
9 JIaM WHIMBUIYaTbHOTO 3a/laHus
10
11 3axyroyeHue
12 bubanorpaduyeckuii ciucox
13 [Tpunoxenus
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4.2 Coaep:kaHue pa3iejioB MOSCHUTEIBHON 3aUCKH

TuTynbHBIN JUCT SBISIETCS NMEPBBIM JIMCTOM IOSCHUTEIBHOI 3amucKky, ¢
HEro HauMHAaeTCs HyMepalus CTPaHUI], HO HoMep | Ha TUTYJIBHOM JIUCTE HE
craButcs. OOpasel TUTYJIBHOTO JINCTA MIPUBEEH B MPUIIOKEHUH A.

WunuBuayansHoOe 3a/1aHHE Ha BBIOJIHEHHE PaOOTHI NPECTaBISIET CIie-
LMaJIBbHBIN OJIaHK, KOTOPBIH HEOOX0ANMO 3anoiHuTh. O0pasen 3aganus npu-
BeJleH B IpuiioxeHuu b.

B conpepixaHny mepedyuCcIsAOT HAUMEHOBAHHS Pa3felioB MOSCHUTEIBHON
3aIUCKU ¥ HOMEPA COOTBETCTBYIOLIUX CTPAHHIL.

Bo BBeieHNM yKa3bIBAIOT LIEIU U 337a4d KYPCOBOTO IPOEKTHPOBAHUSI.

B paznene «IloctaHoBKa 3a1a4n» NPUBOJAT MIOCTAHOBKY 3a1a4M Ha Kyp-
COBO€ TNPOEKTHPOBAHUE.

B conepxarenbHOM wacTH pabOTHI IO OTJACNBHBIM pasjesiaM, COOTBET-
CTBYIOIIUM HHIMBUAYAJIEHOMY 3aJJaHUIO, OIMCHIBAIOT JTOPUTMBI PEIICHUS
3aga4d (oTMeyas UX JOCTOMHCTBA U HEJOCTATKH) C OCHOBHBIMH U IPOMEXKY-
TOYHBIMHU TIPEOOPA30BAHUSAMH U MOJCTAHOBKOW YMCIIOBBIX 3HAUCHHH, a TaKKe
IIPUBOJAT PE3yJIbTaThl IPOBEPKH MIPABUIBHOCTH PELICHUS.

B pasnene “3akimoueHue” MOHKHBI OBITh CICIaHBI OCHOBHBIC BBIBOIBI 10
pe3yapTaTaM KypcoBOTO NPOEKTHPOBAHUS.

B pasneme "bubnmorpadudeckuii ciucok" yKa3bIBalOT MEpeUeHbh HAY4-
HO-TEXHHYECKHUX MyOJHMKAILMi, HOPMAaTUBHBIX TEXHHYECKHX JOKYMEHTOB H
JpYTUX HAay4YHO-TEXHHYECKHX MaTepHanoB, HAa KOTOPBIE €CTh CCBIIKU B OC-
HOBHOM TeKcTe. ECM Ha MCTOYHHK HET CCBUIKM U3 OCHOBHOTO TEKCTa, €T0 B
CIHCOK He momenaoT. CIICOK T0/DKEH OBITh NMIPHUBEJCH B KOHIE TEKCTa IO-
SICHUTEJILHON 3allMCKW, HAYWHAs ¢ HOBOW CTpaHuIlbpl. bubmuorpaduueckue
OTHCAHMS B NEPEYHE CCHUIOK IIPUBOAAT B MOPSIKE, B KOTOPOM OHH BIIEPBEIC
YIIOMHHAIOTCS B TeKcTe. [lopsikoBEIe HOMEpa OMICAHUH B NEpEeYHE SBJIAIOT-
Csl CCBIIKAMH B TeKCTe (HOMEpPHBIE CChUIKM). bubnuorpadguueckrue onucaHus
CCBUJIOK B TIEpEYHE NMPHUBOAST B COOTBETCTBHHU C JEHCTBYIOIIMMH CTaHIapTa-
MH 110 ONOJIMOTEYHOMY U M3JIaTEIECKOMY JIETTy.

B npunoxenue K MOSCHUTEIBHON 3alMCKEe MOTYT OBITH BKIIIOYEHBI Ta0-
JHMIBI, 000CHOBAaHMS, METOIWKH, pacyeThl, OJIOK-CXEMBI alrOpHUTMOB IIPO-
rpamMM, rpaduiecKkue MaTepHaibl M APYrue JAOKYMEHTHI, HCIIOJIb30BAaHHbIE
TIPY BBITIOJTHEHUH KypCOBOH paboTHI.
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